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SERRE WEIGHTS AND WILD RAMIFICATION IN
TWO-DIMENSIONAL GALOIS REPRESENTATIONS

LASSINA DEMBELE, FRED DIAMOND, AND DAVID P. ROBERTS

ABSTRACT. A generalization of Serre’s Conjecture asserts that if F' is a totally
real field, then certain characteristic p representations of Galois groups over
F' arise from Hilbert modular forms. Moreover it predicts the set of weights
of such forms in terms of the local behavior of the Galois representation at
primes over p. This characterization of the weights, which is formulated using
p-adic Hodge theory, is known under mild technical hypotheses if p > 2. In this
paper we give, under the assumption that p is unramified in F', a conjectural
alternative description for the set of weights. Our approach is to use the
Artin-Hasse exponential and local class field theory to construct bases for local
Galois cohomology spaces in terms of which we identify subspaces that should
correspond to ones defined using p-adic Hodge theory. The resulting conjecture
amounts to an explicit description of wild ramification in reductions of certain
crystalline Galois representations. It enables the direct computation of the set
of Serre weights of a Galois representation, which we illustrate with numerical
examples. A proof of this conjecture has been announced by Calegari, Emerton,
Gee and Mavrides.

1. INTRODUCTION

A conjecture of Serre [24], now a theorem of Khare and Wintenberger [17, 18],
asserts that if p is prime and

p: GQ — GLQ(FP)

is a continuous, odd, irreducible representation, then p arises from a Hecke eigenform
in the space Sk(I'1(IN)) of cusp forms of some weight k& and level N. Serre in fact
formulated a refined version of the conjecture specifying the minimal such k£ and
N subject to the constraints k& > 2 and p  N; a key point is that the weight
depends only on the restriction of p to a decomposition group at p, and the level
on ramification away from p. The equivalence between the weaker version of the
conjecture and its refinement was already known through the work of many authors
for p > 2, and finally settled for p = 2 as well by Khare and Wintenberger.
Buzzard, Jarvis and one of the authors [4] considered a generalization of Serre’s
conjecture to the setting of Hilbert modular forms for a totally real number field
F and formulated an analogous refinement for representations p : Gp — GL2(F,)
assuming p is unramified in F'; versions without this assumption are given in [22]
and [12]. The equivalence between the conjecture and its refinement was proved,
assuming p > 2 and a Taylor—Wiles hypothesis on p, in a series of papers by Gee
and several sets of co-authors culminating in [15] and [14], with an alternative to
the latter provided by Newton [20]. Generalizations to higher-dimensional Galois
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representations have also been studied by Ash, Herzig and others beginning with
[2]; see [13] for recent development.

One of the main difficulties in even formulating refined versions of generalizations
of Serre’s conjecture is in prescribing the weights; the approach taken in [4] and
subsequent papers, at least if p is wildly ramified at primes over p, is to do this
in terms of Hodge-Tate weights of crystalline lifts of p. The main purpose of this
paper is to make the recipe for the set of weights more explicit. In view of the
connection between Serre weights and crystalline lifts, this amounts to a conjecture
in explicit p-adic Hodge theory about wild ramification in reductions of crystalline
Galois representations.

We now explain this in more detail. Let F' be a totally real number field, O
its ring of integers, n a non-zero ideal of O, SF the set of embeddings ' — R
and suppose k € Z57 with all k; > 2 and of the same parity. A construction
completed by Taylor in [25] then associates a p-adic Galois representation to each
Hecke eigenform in the space of Hilbert modular cusp forms of weight k and level n.
One then expects that every continuous, irreducible, totally odd

p: GF — GLQ(FP)

is modular in the sense that it is arises as the reduction of such a Galois representation.
One further expects that the prime-to-p part of the minimal level from which p
arises is its Artin conductor, but the prediction of the possible weights is more subtle.
If p is unramified in F', then a recipe is given in [4] in terms of the restrictions of p
to decomposition groups at primes p over p. An interesting feature of this recipe not
so apparent over Q is the dependence of the conjectured weights on the associated
local extension class when the restriction at p is reducible. If

*
<1> plor ~ (5 1))

for some characters x1, x2 : GF, — F; , then the resulting short exact sequence
0—=>F,(x1) =V, > Fylx2) >0
defines a class in

Cp € Ethfp[GK](Fp(XZ)an(Xl)) = Ethfp[GK](vaFp(X)) =~ H'(Gxk,Fp(x))

where K = F,, and x = Xlxgl. The class c, is well-defined up to a scalar in F;, in
the sense that another choice of basis with respect to which p|g, has the form (1)
yields a non-zero scalar multiple of c,. Alternatively, we may view c, as the class in
H'(Gr,Fy(x)) defined by the cocycle z obtained by writing

_ z
X21®p|GKN<>(§ 1)

The space H' (G, F,(x)) has dimension at least [K : Q,], with equality unless x
is trivial or cyclotomic. Whether p is modular of a particular weight depends on
whether this extension class lies in a certain distinguished subspace of H' (G, F,(x))
whose definition relies on constructions from p-adic Hodge theory. If K # Q, and p
is wildly ramified at p, then the associated extension class is a non-trivial element of
a space of dimension at least two, making it difficult to determine the set of weights
without a more explicit description of the distinguished subspaces.
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We address the problem in this paper by using local class field theory and
the Artin—Hasse exponential to give an explicit basis for the space of extensions
(Corollary 5.2), in terms of which we provide a conjectural alternate description of
the distinguished subspaces (Conjecture 7.2). We point out that a related problem
is considered by Abrashkin in [1]; in particular, the results of [1] imply cases of our
conjecture where the distinguished subspaces can be described using the ramification
filtration on Gg.

An earlier version of this paper was posted on the arXiv in March 2016. At the
time, we reported that a proof of Conjecture 7.2 under certain genericity hypotheses
would be forthcoming in the Ph.D thesis of Mavrides [19]. In fact, Conjecture 7.2
has now been proved completely by Calegari, Emerton, Gee, and Mavrides in a
preprint posted to the arXiv in August 2016 [5]. We remark that our restriction
to the case where K is unramified over Q, is made essentially for simplicity. The
methods of this paper, and indeed of [5], are expected to apply to the general case
where K/Q, is allowed to be ramified, but the resulting explicit description of the
distinguished subspaces is likely to be much more complicated.

The now-proved Conjecture 7.2 immediately yields an alternate description of
the set of Serre weights for p. Combining this with the predicted modularity of p
gives Conjecture 7.3, for which we have gathered extensive computational evidence.
Indeed the appeal of our description is that one can compute the set of Serre weights
directly from p. In this paper, we illustrate this computation systematically in
several examples with K/Q, quadratic and p = 3. A sequel paper [9] will support
Conjecture 7.3 via a much broader range of examples and elaborate on computational
methods. In particular, the examples provided in [9] illustrate subtle features of the
recipe for the weights arising only when x is highly non-generic, with particular
attention to the case p = 2. Such examples were instrumental in leading us to
Conjecture 7.2 in its full generality.

This paper is structured as follows: In Section 2 we recall the general statement
of the weight part of Serre’s conjecture for F' unramified at p. In Sections 3, 4 and 5,
we study the space of extensions H'(G,Fp(x)) in detail, arriving at an explicit
basis in terms of the Artin—Hasse exponential. In Sections 6 and 7, we use this basis
to give our conjectural description of the distinguished subspaces appearing in the
definition of the set of Serre weights. We illustrate this description in more detail in
the quadratic case in Section 8, and with numerical examples for p = 3 in Sections 9
and 10. We remark that aside from these examples and the discussion of Serre’s
conjecture at the end of Sections 2 and 7, the setting for the paper is entirely local.

2. SERRE WEIGHTS

2.1. Notation and general background. Let K be an unramified extension of
Q, with ring of integers Ok and residue field k, and let f = [K : Q,] = [k : F,]. We
fix algebraic closures Qp and K of Q, and K, and let T denote the set of embeddings
K — Q,. We let F, denote the algebraic closure F,, obtained as the residue field of
the ring of integers of Qp, and we identify T with the set of embeddings k — F,,
via the canonical bijection.

For a field F', we write G for the absolute Galois group of F'. We let I denote the
inertia subgroup of G, i.e. the kernel of the natural surjection Gx — Gj. We write
Frob for the absolute (arithmetic) Frobenius elements on k and on F,, and Froby for
the arithmetic Frobenius element of G /Ix = Gi. Welet Artg : K — Gf}‘? denote
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the Artin map, normalized in the standard way, so the image of any uniformizer of
K in G /I is Froby'.
Recall that the fundamental character wy : Gxg — k> is defined by

wr(g) = g(m)/m mod 7Oy,

where 7 is any root of 27’ ~1 4+ p =0 and L = K(7) C K. Then the composite of w;
with the Artin map K* — G% — k* is the homomorphism sending p to 1 and any
element of O to its reduction mod p. Replacing 7 by a root of P 14 up = 0 for
u € O alters wy by an unramified character, so in fact wy|s, is independent of the
choice of uniformizer up of K. For each 7 € T, we define the associated fundamental
character w, : Ix — F; to be 7 owf|[K.

A Serre weight (for GL2(K)) is an irreducible F,-representation of GLa(k). Recall
that these are precisely the representations of the form

Vig= ®(det 4 @) Sym” k%) @, Fy,

TeT

where d,, by € Z and 1 < b, < p for each 7 € T. Moreover we can assume that
0<d, <p-—1for each 7 € T and that a, < p — 1 for some p, in which case the
resulting (p/ — 1)p’ representations V5 are also inequivalent.

Let p: Gk — GLy(F)) be a continuous representation. The next two subsections
recall from [4] the definition of the set W (p) of Serre weights associated to p.

2.2. Serre weights associated to a reducible representation p. Suppose first

X1
0

determined by the ordered pair (1, x2) and a cohomology class ¢, € H (G, Fp(x)),
where we set y = Xlxgl. We first define a set

JCT, xilie = [Jwi [t

that p is reducible and write p ~ ( ; ) The isomorphism class of p is then
2

TeT TeJ
(2) W' (x1x2) = § Vig:J)
and  xo|r = [Jwd [o¥
TeT TEJ

For each pair (V, J) € W’(x1, x2) we will define a subspace Ly ; C H (G, Fp(x)),
but we first need to recall the notion of labelled Hodge—Tate weights.

Recall that if V' is an n-dimensional vector space over Q, and p : G — AUtQP V)
is a crystalline (hence de Rham) representation, then D = Dgr (V) = (Bar®q, V)9
is a free module of rank n over K ®q, Qp endowed with an (exhaustive, separated)
decreasing filtration by (not necessarily free) K ®q, Qp—submodules. Writing
K ®q, Q, = IL.cr Q,, we have a corresponding decomposition D = @rer D
where each D; is an n-dimensional filtered vector space over Q,. For each 7 € T,
the multiset of 7-labelled Hodge—Tate weights of V are the integers m with multiplicity
dimap gr=""D,. In particular if ¢ : Gg — 6; is a crystalline character, then it
has a unique 7-labelled Hodge-Tate weight m. for each 7 € T. One finds that
the vector m = (m;),cr determines ¢ up to an unramified character, and that

E|1K = HTET w;r_n‘r.
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Returning to the definition of Ly, ;, suppose that V = VJ,E' Let x1 be the
crystalline lift of 7 with 7-labelled Hodge-Tate weight d, + b, (resp. d,) for T € J
(resp. 7 & J) such that x1(Artx(p)) = 1, and similarly let 2 be the crystalline lift of
X2 with 7-labelled Hodge—Tate weight d, (resp. d.+b;) for 7 € J (resp. 7 ¢ J) such
that Y2 (Artx (p)) = 1. We then let Ly, ; denote the set of extension classes associated
to reductions of crystalline extensions of Y2 by X1. We then set Ly, ; = Ly, ; except
in the following two cases (continuing to denote x1x5 Ly X):

e If y is cyclotomic, b= (p,...,p) and J =T, then Ly ; = H' (G,

e if x is trivial and J # T, then Ly,; = Ly, ; + Hy (Gr, Fp(x))

H! . (Gk,F,y(x)) is the set of unramified homomorphisms G — F,,.
Finally we define W(p) by the rule

B) VeW(p) <<= (V.J)eW (xi,xz) andc,€ Ly, for some J CT.

Thus V' € W(p) if and only if ¢, € Ly where Ly is defined as the union of the Ly, s
over

p(X))?
where

Sv(xi,x2) ={J cT[(V,J) € W(x1,x2) }
(so Ly depends on the ordered pair (x1, x2), and it is understood to be the empty
set if Sy (x1,x2) = 0).

We remark that Ly ; has dimension at least |J|, with equality holding unless
X = X1X5 ' is trivial or cyclotomic (see [4, Lemma 3.12]). Moreover in a typical
situation (for example if x =[], o, w? with 1 < a, < p—1 for all 7), the projection
from W'(x1,x2) to the set of subsets of T is bijective, and the projection to the
set of Serre weights is injective (see [4, Section 3.2]). In that case W'(x1, x2) has
cardinality 2/ and hence so does that of W(p) if ¢, = 0. On the other hand,
one would expect that for “most” p, the class ¢, does not lie in any of the proper
subspaces Ly, j for J # T, so that W (p) contains a single Serre weight.

It is not however true in general that the projection from W’'(x1,x2) to the set
of Serre weights is injective, i.e., Sy (x1, X2) may have cardinality greater than 1,
in which case it is not immediate from the definition of Ly that it is a subspace of
HY(Gg,F,(x)). However it is proved in [15] if Sy (x1, x2) # 0 and p > 2, then there
is an element Jyax € Sv (X1, X2) such that Ly = Ly .., so that Ly is in fact a
subspace. Indeed the proof of Theorem 9.1 of [15] shows that if p > 2 and V = VJ,E’
then p has a crystalline lift with 7-labelled Hodge-Tate weights ({d,,d, + b;})rer,
if and only if Sy (x1, x2) # 0 and ¢, € Ly, ... It follows that Ly, ; C Ly, for all
J € Sy(x1,x2) (using that Jy.x = T in the exceptional case where x is cyclotomic
and b= (p,...,p)), and that V € W(p) if and only if p has a crystalline lift with
7-labelled Hodge-Tate weights ({d,,d, + b })rer.

The main aim of this paper is to use local class field theory to give a more explicit
description of H'(G g, Fp(x)), and to use this description to define subspaces which
we conjecture coincide with the Ly (even for p = 2).

2.3. Serre weights associated to an irreducible representation p. While the
focus of this paper is on the case where p is reducible, for completeness we recall the
definition of W(p) in the case where p is irreducible. We let K’ denote the quadratic
unramified extension of K, k' the residue field of K’, T’ the set of embeddings of
k' in Fp, and 7 the natural projection 7" — T. For 7/ € T', we let w,s denote the
corresponding fundamental character of Iy = [i. Note that if p is irreducible, then
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it is necessarily tamely ramified and in fact induced from a character of Gx:. We

define W(p) by the rule:
bﬂ'(ﬂ'/>
’ ’ wT/ O
plr ~TIlrer i (HT - bw(ﬂ))

(4) 0 HT’QJ’ w_,

Vig€W(p)
for some J' C T’ such that 7 : J'—5T.

It is true in this case as well that W (p) typically has cardinality 2/ (see [4, Sec-
tion 3.1]). Moreover the result of [15] characterizing W (p) in terms of reductions of
crystalline representations (for p > 2) holds in the irreducible case as well.

2.4. The case K = Q,. To indicate the level of complexity hidden in the general
recipe for weights, we describe the set W (p) more explicitly in the classical case

a
K = Q. Replacing p by a twist, we can assume p|rq ~has the form <L‘62 w(’)m> or
2

a
(06 i) for some a with 1 < a < p— 1 (where w = w; is the mod p cyclotomic
character). In the first case we find that W(p) = {Vb 4, Va—1,p+1-a} (With the two
weights coinciding if @ = 1). In the second case we may further assume (after
Xk
0 1
H'(Gq,,Fp(x)) is one-dimensional unless x is trivial or cyclotomic, one does not
need much information about the spaces Ly, in order to determine W (p); indeed
all one needs is that:

twisting) that p = for some character x : Gq, — F:. Since the space

e Ly = H'(Gq,,Fy(x)) unless y is cyclotomic and V = Vj 1;
e Ly, , r is the peu ramifiée subspace if y is cyclotomic, i.e., the subspace

corresponding to Z; ®F: under the Kummer isomorphism H 1(GQP, tp) =2
Q,/(Qy)".
o Lypg=0if x #1.
It then follows (see [4]) that

{Vo,u}, if 1 <a<p—1and p is non-split,
{Vo,a, Vap—i—a}s if 1 <a<p-—2and p is split,
{Vop—2,Vp—2p, Vp—21}, ifa=p—2,p>3and pis split,
W(p) = {Vop-1}, ifa=p—1andp>2,
Vot if a =1, x =w and p is not peu ramifiée,
{MVo,p, Vo1, Vip—2}, ifa=1, p>3and p is split,
{V073, Vo71, ‘/1,3, V171}, if a = 1, P = 3 and 14 is Split7
Vops Vo ts otherwise.

We remark that the first case above is the most typical and the next one arises in
the setting of “companion forms.” The remaining cases take into account special
situations that arise when x|, or its inverse is trivial or cyclotomic.

2.5. Serre’s conjecture over totally real fields. We now recall how Serre
weights arise in the context of Galois representations associated to automorphic
forms. Let F be a totally real field in which p is unramified. Let O denote its
ring of integers and S;, the set of primes of O dividing p. For each p € S, we
let ky = Op/p, fo = [kp : F,] and T, the set of embeddings 7 : k, — F,. The
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irreducible F,-representations of GL2(O/pO) = Hpesp GLg3 (k) are then of the
form: V = ®(yes,;V, where each V}, is a Serre weight for GLa(F}).

Suppose that p : Gp — GLy(F,) is continuous, irreducible and totally odd. A
notion of p being modular of weight V is introduced in [4], where the following
generalization of Serre’s Conjecture (from [24]) is made:

Conjecture 2.1. The representation p is modular of weight V = ®pes,1Vyp if and
only if Vo € W(plgy, ) for all p € Sp.

We refer the reader to [4] for the definition of modularity of weight V' and its
relation to the usual notion of weights of Hilbert modular forms. We just remark
that p is modular of some weight V' if and only if p is modular in the usual sense that
p = p; for some Hilbert modular eigenform f, and that the set of weights for which
p is modular determines the possible cohomological weights and local behavior at
primes over p of those eigenforms (see [4, Prop. 2.10]).

Under the assumption that p is modular (of some weight), Conjecture 2.1 can be
viewed as the generalization of the weight part of Serre’s Conjecture and has been
proved under mild technical hypotheses (for p > 2) in a series of papers by Gee
and coauthors culminating in [15], together with the results of either Gee and Kisin
[14] or Newton [20]. Moreover their result holds without the assumption that p is
unramified in F' using the description of W (p) in terms of reductions of crystalline
representations.

Finally we remark that Conjecture 2.1 is known in the case F' = Q. In this case
the modularity of p is a theorem of Khare and Wintenberger [17, 18], and the weight
part follows from prior work of Gross, Edixhoven and others (see [4, Thm. 3.20]);
it amounts to the statement that if 2 < k < p + 1, then w?p arises from a Hecke
eigenform of weight & and level prime to p if and only if Vg ,_1 € W(p).

3. THE RAMIFICATION FILTRATION ON COHOMOLOGY

In this section we use the upper numbering of ramification groups to define filtra-
tions on the Galois cohomology groups parametrizing the extensions of characters
under consideration.

3.1. Definition of the filtration. Continue to let K denote a finite unramified
extension of Q, of degree f with residue field k, and let x : Gx — F: be any
character. Recall from [23, TV.3] that Gk has a decreasing filtration by closed
subgroups GY% where G5! = G, G% = I for —1 < u < 0, and Uuso Gk is the
wild ramification subgroup Pg. We define an increasing filtration on H*(G g, F,(x))
by setting

FilPH (G, Fp(x)) = [ ker(H'(Gx,Fp(x)) = H' (G, Fy(x)))

u>s—1
for s € R. Note that Fil’H'(Gg,F,(x)) =0 for s < 0, and that
Fil'H' (G, Fy(x)) = ker(H' (G, Fp(x)) = H' (I, Fy (X))

Let 2z be a cocycle representing a class in ¢ € H'(Gk,F,(x)). Since x|p, is
trivial, the restriction of z defines a homomorphism Px — F,; so if s > 1, then
c € Fil*(HY(Gk,F,(x))) if and only if 2(G%) = 0 for all u > s — 1. In particular,
c € Fil'(H (Gk,F,(x))) if and only if 2(Px) = 0; since H' (I /P, Fp(x)) = 0, it
follows that Fil* H'(Gx,F,(x)) = Fil’H (G, Fp(x)) for 0 < s < 1.
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3.2. Computation of the jumps in the filtration. For any s € R, we set

Fil**(HY(Gk,Fy(x))) = U, Fil'(HY(Gk,Fp(x))). Since G% = Y., the

compactness of Gk and continuity of the cocycle z imply that in fact
Fil=*(H' (G, Fp(x))) = ker(H' (G, Fp(x)) = H' (G, Fp(x)))-

We will now compute the jumps in the filtration, i.e., the dimension of
gr*(H' (G, Fp(x))) = Fil'(H (G, Fp(x))) /FiL™* (H' (G, Fp(x)))

for every s and y. -

We must first introduce some notation. Choose an embedding 7y : k — F,,, let

7, = Tp o Frob® where Frob is the absolute Frobenius on k. Recall that wr:Gg =k~
denotes the character defined by

v<u

wy(g) = g(m)/m,
where 7 is any root of 2’1 = —p in K, and set Wy = Wy, = T 0wy for i =
0,...,f —1. We may then write x|r, = w} |1, Where n = Zf;é a;p’ for integers
a; satisfying 1 < a; < pfor j =0,...,f — 1. Moreover this expression is unique
if we further require (in the case that x|, is the cyclotomic character) that some
a; # p for some j. We extend the definition of a; to all integers j by setting a; = aj

if j = j' mod f. We define (ag, a1, ...,ar_1) to be the tame signature of x; thus the
tame signature of x is an element of the set

S={1,2,....p}Y —{(p,p,...,0)}
Define an action of Gal(k/F,) = (Frob) = Z/fZ on S by the formula

Frob - (ao,a1, .. .,af_l) = (af_l,ao, .. .,af_g).

Note that if x has tame signature @, then Frob o y has tame signature Frob(a), as
does x o o where o is the (outer) automorphism of G defined by conjugation by a
lift of Frob € Gal(k/F,) = Gal(K/Q,) to Gq,. We define be the period of @ € S to
be the cardinality of its orbit under Gal(k/F,), and the absolute niveau of x to be
the period of its tame signature. (Note that the orbit of the tame signature of x
under Gal(k/F,) is independent of the choice of 77.)

Fori=0,...,f —1, we define

F-1
(5) n; = Z @igsP
=0

so that ng = n;p’ mod (pf — 1) and x|7, = Wl e

Theorem 3.1. Let d; = dimg grf(HY (Gk,F,(x))) for s € R. Then ds = 0 unless
s=0o0rl<s< 1—|—%. Moreover if ds # 0 and 1 < s < 1+%, then
s=1+ 1% for some integer m not divisible by p. More precisely, if x has tame
signature (ag, a1, ...,ar—1) of period f and the integers n; are defined by (5), then:

(1) do =1 if x is trivial and dy = 0 otherwise;

(2) fl<s< ]%, then

Ina if s = % for some i,k such that k > 0, a; = p,
d, = i1 =" =0ayp1=p—1land airp #p—1,

0, otherwise;
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(3) Zf}% <s< 1+p’%1, then

i — f11 if s =1+ 5 for some i such that a; # p,
710, otherwise;

(4) d1+% =1 if x is cyclotomic, and dl-&-,,%l = 0 otherwise.

Proof. We let d; denote the value claimed for d; in the statement. Note that if
1<s< ﬁ, then d, is the number of j € R such that s = p?—ip where R is the set of
j€A{0,..., f—1} such that a; # p—1and (a;, ait1,...,a;-1) = (p,p—1,...,p—1) for
some ¢ with j— f <4 < j. Moreover R is in bijection with the set of i € {0,..., f—1}

such that a; = p, and if j € R, then 1 < -7 < :z%' Therefore

SO o= #{ie {0, /- 1}Ha=p})

1<s<z2y

Similarly if -25 <'s <14 -E7, then d; is the number of i € {0, ..., f — 1} such that

s =1+ -5 and a; # p; moreover if a; # p, then ;23 <1+ 73 <1+ E7, 50

dody = #{i€f{0,....f—1}|a; #p}.

o Ss<l+Ey

It follows that
f+2, ifp=2and y is trivial,
Z d;=< f+1, if p>2and y is trivial or cyclotomic,
s€R 1 otherwise.
Therefore ) g d, = dimg_ HY (G, Fp(x)) = > ser ds, so it suffices to prove that

d!, < d, for all s, and we need only consider s such that d;, > 0.
For s = 0, the inflation-restriction exact sequence

0— Hl(GK/IK,Fp(X)IK) - HI(GKan(X)) - HI(Ivap(X))
shows that gr®H'(Gk,Fy(x)) & HY(Gk/Ik,Fp(x)'*) has dimension 1 if y is
trivial, and 0 otherwise, so that dyg = dj. We may therefore assume that s > 1 and

I .
that m = (s — 1)(p/ — 1) is an integer. Moreover either 0 < m < p(zfll) and m is

P _ p’'-1)
not divisible by p, or m = T
Let M = L(w) where -1 = —p and L is an unramified extension of K of degree

prime to p such that x|q,, is trivial; thus x = Mw}l"z] for some unramified character
w of Gal(L/K). Since Gal(M/K) has order prime to p, inflation-restriction gives

H' (G, Fp(x)) = H' (Gar, Fp () M) = Homgai () ) (GR7, Fp (X))
which we identify with
Homgai(a) i) (M™, Fp(x)) = Homgayar/ i) (M /(M*)P, Fp(x))
via the isomorphism M* = WiP C G&2 of local class field theory.

Since M is tamely ramified over K, we have G C Gy for u > 0, and in

fact G = Gﬁpf*l) by [23, IV, Prop.15], which maps onto 1 + e’ -D10,,
under the homomorphism Wy, — M* of local class field theory (see Cor. 3 to
Thm. 1 of [23]). Therefore a class in H' (G, Fp(x)) has trivial restriction to G%
for all u > s — 1 (resp. G;{l) if and only if the corresponding homomorphism
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M*/(M*)P — Fp(x) factors through M*/(M*)PUp,41 (resp. M*/(M*)PU,,),
where we write U; = 1 + 7¢O}y for a positive integer t. It follows that
gt (H' (G, Fp(x))) 2= Homaaiar/ i) (U / (U 0 (M) ) Uns1, Fp (X))
Now suppose that m < % and m is not divisible by p. Then we claim that
Up, N (M*)? C Uppt1. Indeed suppose that v, (zP — 1) = m for some x € M*, and

let t = vy (2 — 1). Then t > 0 and writing z = 1 + y7* for some y € Oy, we have
Z‘p—lz(1+y71’t)p—1:pyﬁt+...+yp7rpt.

So m > min(t + pf — 1,tp), with equality unless t +p/ — 1 =tp. If t + pf —1 > tp,
then m tp contradicts that m is not divisible by p, and if t + pf — 1 < tp, then
( 1)

_1 contradicts that m < B2 This establishes the claim, from which it

follows that

gr*H' (Gk,Fp(x)) = Homgaiar/ 1) (U /U1, Fp(x))-

Letting ! denote the residue field of L, the map z — 1 + 27" induces a Gal(M/K)-
equivariant isomorphism {(w}") = Uy, / Upm+1, and the map 2 ® 1 — (o(x)), induces
a Gal(M/K)-equivariant isomorphism

f=
) en, B = B (@ P

=0 \o€S;

where S; is the set of embeddings | — F, restricting to 7; and the action of
Gal(M/K) on D, g, Fp(w}) is defined by g((24)s) = w};(9)(Ts0g)s- Noting that

~ 7.1 Gal(M/K
PBoes, Fp IndGil(MjL))F we see that

(Un/Um+1) ®F, Fp = @Fp(ﬂw?i)v
i H

where the second direct sum is over all characters p : Gal(L/K) — F: . Therefore
ds is the number of i such that m = n; mod (pf —1). The inequality d’, < d is now
immediate from the definition of d..

Lo, s0om = %_11); we may assume Y
p— P

is cyclotomic, and it suffices to prove that ds > 1. For x € U,,+1, we see
that exp(p‘llogxl converges to a p'" root of z, so U,,41 C (M*)P. It follows
that Fil’H'(Gk,F,(x)) = H'(Gk,F,(x)). Therefore it suffices to prove that
Fil”*HY(Gk,Fp(x)) # H (Gk,Fpy(x)), i-e., that there is a class in H' (G, Fp(x))

whose restriction to G%(p_l) is non-trivial. Slnce ij(/(p D= Gg/p(p 1), the diagram

Finally consider the case s = 1 +

HY(Gq, . Fp(x)) — HYGH" ™V F,(x)
) [

HY(Gg,Fp(x)) — HYGYP™V F,(x)

reduces us to the case K = Q,, and we may further assume M = Q,(7) = Q,({p).
We see in this case that if o € Uy, then 2? € Upyq, so that U, N (M*)P C Upy1 (and
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in fact equality holds). It follows that
g’ (H' (G, Fyp(x))) = Homeaa/q,) (Up/Up+1, Fp(X)),

which is non-trivial (in fact one-dimensional) since U, /Up+1 = F,(x). O

3.3. Terminology associated with ramification. Note that the dimensions d,
in Theorem 3.1 are at most 1 if x has absolute niveau f, in which case we say x is
primitive; otherwise we say x is imprimitive. Thus y is imprimitive if and only if
its tame signature (ag,a1,...,as—1) has non-trivial rotational symmetry, which is
equivalent to x extending to a character of Gk for some proper subfield K’ of K
containing Qp.

The statement of the theorem is also simpler if a; < p for all 4, in which case we
say x is gemeric; otherwise we say x is non-generic. Thus if y is generic, then ds = 0
if 1 <s < ;2 (by part (2) of the theorem); moreover n; < p/ — 1 for all i, so we
also have d; = 0if 2 < s <1+ 27 (by part (3) of the theorem). To characterize
the types of exceptional behavior arising in extensions when y is non-generic (or
trivial or cyclotomic), we introduce the following subspaces of H' (G, F,(x)):

H&n(GlOFP(X)) = FﬂOHl(GK>FP(X)):FﬂlHl(GK7FP(X))5

Hy (G, Fp(x) = Fﬂ<:%1H1(GKan(X>)§
(G Fy(x)) = FIlFTH (G Fy ()
H,(Gr,Fp(x)) = FilPH' (G, Fp(x));
H (Gx, Fy(x)) Fil<'"" 5T B (G, Fp(x))-

We call H} (Gk,F,(x)) the unramified subspace of H'(G,F,(x)), and we call
Hy (G, Fp(X)) (resp. Hi(Gr, Fp(x)), Hey(Gre, Fp(X)), Hiy (G, Fp(x))) the gen-
tly (vesp. flatly, cogently, typically) ramified subspace of H' (G, Fp(x)). We use the
same terminology to describe the cohomology classes in these subspaces.

The following is immediate from Theorem 3.1:

Corollary 3.2. With the above notation, we have

(1) HL (Gr,Fp(x)) =0 unless x is trivial, in which case HL, (G, Fp(x)) has
dimension 1;

(2) HY(Gk,Fp(X))/H (G, Fy(x)) = 0 unless x is cyclotomic, in which case
it has dimension 1;

(3) Hy(Gr,Fp(x))/He (G, Fp(x)) = 0 unless x|1, is cyclotomic, in which
case it has dimension f;

(4) HL(Gic, Fy(0))/ Hiy (G, Fp(X) has dimension f;

(5) Hy (G, Fp(x))/Hiu(Gr , Fp(x)) has dimension equal to the number of
1€40,...,f —1} such that a; = p;

(6) Hclg(GK7 (X)) = Htly(GK,Fp(X)) if x 1s generic.

Let p: G — GLa(F,) be a reducible representation of the form p ~ (Xo x)

and ¢, an associated cohomology class. For s > 1 (resp. s> 1), we say that p has
slope at most s (resp. less than s) if GY C ker(p) for all u > s—1 (resp. u > s—1),
or equivalently if ¢, € Fil*(H'(Gk,F,(x))) (resp. Fil**H'(Gg,F,(x))). Note
that p is (at most) tamely ramified if ¢, is unramified; we say that p is gently
(resp. flatly, cogently, typically) ramified according to whether ¢, is. We remark that
[11, 2.1] shows that if p arises from a finite flat group scheme over Ok, then ¢, is
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flatly ramified. If x is cyclotomic, then our notion of flatly ramified coincides with
Serre’s notion of peu ramifiée in [24] recalled above.

4. THE ARTIN-HASSE EXPONENTIAL

In this section we establish some properties of the Artin—Hasse exponential
which strike us as having independent interest. Recall from e.g. [21, §7.2] that the
Artin—Hasse exponential is defined by a power series with rational coefficients:

xP"
E,(z) =exp Z —

n
n>0 p

Here, as usual, exp(z) = >, (2" /n!). Since p is fixed throughout, we will omit
the subscript and simply write is as E(x). The denominators of the coefficients
of E(x) are prime to p, so we may regard E(z) € Z,[[x]], and hence as a function
E : B, (0) — B,(1) for any r < 1, where B,(a) denotes the open disk of radius r of
a € C,.

4.1. First multiplicativity lemma for F(x). Let [ be a finite field and let L be
the field of fractions of W(l). For a € I, let [a] € W () denote the Teichmiiller lift of
a. The following lemma establishes the key property of E(x) we will need; we will
use it to relate the additive structure of [ to the multiplicative structure of tamely
ramified extensions of L.

Lemma 4.1. If a,b €l then E([a)z)E([b]x)E([a + blx)~t € (W (I)[[«]]*)P.

Proof. For n > 0, we define elements §,, € L inductively as follows:

by = %([a]‘F[b}_[a_"b]))’ By
b = (G- T PET) forn> 1

We claim that §,, € W () for all n > 0. The statement is clear for n = 0, so suppose
that n > 0. For i =0,...,n — 1, we have 6 = ¢(d;) mod p, and therefore

n— 1—4

S = ()P T = (6" mod p

3
By the definition of §,_; we have o™~ 1(d) = 1) piéfnilii, o
n—1

n—1 )
©"(do) = Zpiga(éi)p% = Zpiéf mod p",
i=0 =0

which gives the claim.
Now consider the power series

f@) =T B (50""),

i>0
which converges in W (1)[[z]] since E (x”i) = 1mod 2?'. We claim that

E([a]a) E([b]2)E([a + blo) ™" = f(x)".
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We prove this working in L[[z]], where exp(g(z)) exp(h(z)) = exp(g(z) + h(z)) for
9(x), h(z) € xL[[z]], and therefore exp( >, 9i(x)) = [1;so exp(gi(z)) if gi(2) €
2P L[[z]]. Note first that we have

E([a)2) E([b]2)E([a +blz) ™! = exp [ D ana®" |,

n>0

where a, = p~"([a]?" + [b]P" — [a +bP") = p' 77" (Jp). On the other hand

flx)P = HiZO E <5ixpi)p
= Hizo exXp (p EmZO p_méfm xpim)
= exp Ztmzopkméfmxp“rm)
= exp (.0 bnxpn> ,

where
n —i
=3 P = an
i=0
This proves the claim and hence the lemma. ([

4.2. Second multiplicativity lemma for E(z). We will also need the following
property of E(x), which will be used to ensure that our constructions later are
independent of various choices made.

Lemma 4.2. If 6 € W(l), then

E@)E((1+pd))~" ] E@sa™") € (W)[[=]])".

m>0

Proof. We have

BE((1 4 pd)x)E(z)~" = exp Zangcp
n>0

pn Y23 T

where a,, = Z ( pl > p'~"6". Note that < pz_ )pi” has valuation ¢ — v, () for
i=1

i=1,...,p", so that a, = pd mod p? if p > 2, and a,, = 2(§ + 62) mod 4 if p = 2.

On the other hand

H E(psazP") = exp Z bpx?”

m>0 n>0

where b, = prj ~i§ . Setting c, = p L (b, — ay,) gives exp(c,a?”) € W(I)[[z]]
§=0
since ¢, € pW(l), and

E(z)E((1+ pd)z)~* H E(psz®") (H exp(cpa?”))P
m>0 n>0
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4.3. Homomorphisms induced by FE(z). Suppose now that M is a subfield of
C, containing L, and o € M is such that || < 1. Note that Lemma 4.1 yields
a homomorphism ¢ : | — Op[[z]]* ® F,, defined by ¢([a]) = E([a]z) ® 1. We can
therefore define a homomorphism

(6) ca: l@F, 5 O, ®F,
as the extension of scalars of the composite of € with the multiplicative homomor-
phism Oy [[z]]* — O}, induced by evaluation at «, so that e,(a ® b) = E([a]a) ® b.

In addition to properties of €, derived from Lemmas 4.1 and 4.2, we will also
need the following:

Lemma 4.3. If |a| < p~'/?®=1)  then
€ar 0 Frob =¢_p,
where Frob is the automorphism of | ®Fp induced by the absolute Frobenius on .

Proof. It suffices to prove that if 5 € Oj; is such that |ﬁ|<10_1/p(p_1)7 then
E(BP)E(—pB)~! € (OF;)P. On the one hand we have E(3?) = exp(—pB)E(B)?. On
the other hand, setting v = Zn>1ppn*"’1(—ﬁ)pn, we see that |y] < p~ /=1 so
exp(7) converges to an element of Oy, such that

E(—ppB) = exp(—pB + py) = exp(—pp) exp(7)*.

5. A BASIS FOR THE COHOMOLOGY

We return to the setup of Section 3, so K is an unramified extension of Q,
of degree f with residue field k, T is the set of embeddings k¥ — F,, and x is a

character G — F: . We will use a homomorphism of the form (6) to construct an
explicit basis for H'(G g, Fp(x)).

Let M be a tamely ramified abelian extension of K such that x|g,, is trivial.
We assume M is of the form L(7) where L is an unramified extension of K of
degree prime to p and 7 is a uniformizer of M such that 7¢ € K* where the total
ramification degree e of M divides pf — 1. We thus allow M and 7 to have a more
general form than in the proof of Theorem 3.1, but note that we still have

HY(Gg,Fp(x)) = Homga v/ x) (M, Fpy(x)),

which we identify with the Fp—dual of the vector space
=, _1\\Gal(M/K)
Uy = (M* @Fy(x ™)) :
Our explicit basis for H' (G, F,(x)) will be defined as the dual basis to one we
construct for U,,.

5.1. Definition of u;. As in Section 3 we choose an embedding 7 : k — Fp and let
7; = 7o o Frob®, let (@o,...,af_1) be the tame signature of x and define the integers
n; by (5), so that x|r, = w}[1,. We define 7;, a; and n; for all i € Z by requiring
that they depend only on ¢ mod f.
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Since |7, has order dividing e, we see that n; is divisible by (p/ — 1)/e for all 4.
Letting w, : Gal(M/K) — pe(K) C K* be the character defined by w.(g) = g(m)/m,

r_
we see that |7, = wf|(lf( D/e 5o that

. f_
Xl = (7 0 @) |5/ @D,

We now define an embedding 7/ and an integer n} for each i. If a;41 # p, then we
set 7/ = 741 and n) = enip1/(pf —1). If a;41 = p, then we let j be the least integer
greater than ¢ such that a; 1 # p—1; thus (a;41, Giy2,...,a5) = (p,p—1,...,p—1),
but a;i1 # p — 1. We then set 7/ = 7,41 and n} = en;j1/(p/ — 1) — e. Note that
for each ¢ we have n} > 0 and

X = (7 o)™

for some unramified character y: Gal(L/K) — F; independent of .
Recall that we have an isomorphism

1oF, =2k, Fp)
TET
defined by the natural projection on to each component. By the Normal Basis
Theorem, [ is free of rank one over k[Gal(L/K)] = k[Gal(l/k)], so each component
in the above decomposition is free of rank one over F,[Gal(L/K)]. It follows that
for each embedding 7 € T', the p-eigenspace
Ary={a€l®y,F,lga=(1®u(g))a for al g € Gal(L/K) }

is one-dimensional over Fp. Let A;, be a non-zero element of A, ,. We now define
(7) Ui = € _n (/\7-1{7“) ceO0y® Fp

fori=0,...,f —1, where ¢_,, is defined by (6).
For g € Gal(M/K), a € l, n € Z, we have

g(E(la]m")) = E(g([a]7")) = E(wx(9)"g(la])7"),
so that
9(exn(A)) = exn ((@x(9)" ©1)g(A))
for all A € l ® F),. Since

@ (9)™ ® 1)g(Arr) = @2 (9)™ @ (@) Ars e = (1@ X(9))Art s

we conclude that gu; = (1 ® x(g))u; for all g € Gal(M/K). We can therefore view
u; as an element of U,.

5.2. Definition of iy and ucyc. We now define additional classes in U, in the
case that x is trivial or cyclotomic. Note that if g € Gal(M/K), then g(7) = w.(g)7
and wr(g) € pe(K), which is contained in (M *)?. It follows that g(r ® 1) =7 ® 1
in M* ®F,, so that

(8) Utriv = T Q 1

defines an element of U, for the trivial character .

If x is cyclotomic then the assumption that x|q,, is trivial ensures that Q, () C
M; in particular e is divisible by p — 1. We now determine which elements o €
1+7eP/P=D O, are ptt-powers. Recall that Q,((,) = Q,(5) where §?~! = —p, so we
may write « in the form 14 56? with 8 € Ops. We claim that o = 1+ 867 € (M *)P if
and only if trl/FpB = 0. Suppose first that trl/FpB = 0. We can then write § = 7—7P
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for some 7 € I. (This follows for example from the fact that H'(Gal(l/F,),l) =0
since [ is free over Fp[Gal(l/F))] by the Normal Basis Theorem. Alternatively, note
that trj g, is surjective since [ is separable over F,, so counting dimensions shows
that [ — | — F,, is exact, where the maps are 1 — Frob and trl/FP.) We can therefore
write 8 = v — 7P mod 7O, for some v € Oy, so that

a(l+78)P =14 (8 —~ +17)0” = 1 mod 7' 571 Oy

Since exp(p~!logx) converges to a p'" root of z if |z — 1| < p~?/P~1) it follows
that a(1 4+ vd)? € (O;;)", and hence that o € (O;;)?. Suppose conversely that
a =1+ p6P € (M*)P. Then considering valuations as in the proof of Theorem 3.1,
we see that o = (1 4 v0)? for some v € Oy;. Since

(14+~86)? =1+ (v — 7)8” mod 67710y,

we deduce that 8 = +” — v mod 7, and hence that tr;/g, (3) = 0. This completes
the proof of the claim. Now choose any b € [ such that tr;;p, b # 0, and define

9) Ueye = €50 (b® 1) = E([0]6") ® 1,

which is a non-trivial element of O}, ® F,, by the above claim. Moreover since
try/p, (gb) = tryyp, (b) for all g € Gal(M/K), it also follows from the claim and
Lemma 4.1 that E(g([b])6?)E([b]67)~! € (O;;)P, s0 50 (gb ® 1) = 50 (b @ 1). Since
g(6) = [x(9)]0, we see as in the construction of the elements u; that

g(teye) = €50 (x(9)gb @ 1) = (1 @ x(9))esr (90 @ 1) = (1 @ x(9))Ueyc,
and therefore that ucy. € Uy.

5.3. Bases for U, and H'(G,F,(x)).

Theorem 5.1. Let B denote the subset of U, consisting of the elements u; for
i=0,..., f —1, together with uwiyv if X is trivial and ucye if x is cyclotomic. Then
B is a basis for U,.

Before giving the proof, we remark that if p = 2, then the cyclotomic character
is trivial, so the basis B includes both wugiy and uey and hence consists of f + 2
elements.
Proof. Define a decreasing filtration on U, with FilOUX = U, and Fil""U, as the
image of (U, ® F,(x™ 1)) M/K) for m > 1, where U,, = 1+ 7"O). Setting
gr™U, = Fil™U, /Fil"™ U, we see as in the proof of Theorem 3.1 that

dimg gr"U, = dimg_ er* HY (G, Fp(x))

where s = 1+ 2 if m > 1, and s = 0 if m = 0. Recall that these dimensions d; are
given by Theorem 3.1. We will prove that for each m > 0, there are d, elements of
B NFil"™U, whose images in gr'™U, are linearly independent. It then follows that
B spans Uy, which suffices since the cardinality of B coincides with the dimension
of Uy,.

If m>pe/(p—1), then s > 1+ p"%l, so d, = 0 and there is nothing to prove.

If m =pe/(p—1), then s =1+ 1%, so ds = 0 unless x is cyclotomic in which
case dy = 1. Therefore it suffices to note that ucyc is a non-trivial element of
Filre/ (P=1) Uy.

Now suppose 45 < m < P, s0 d, is the number of i such that s =1+ 2 =

-1 — p—1
1+ 2% and a;41 # p. For each such i, we have nj =

p

eni41
pf—1

_ r_
=m and 7} = Ti41,
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so that u; = exm (Ar,,, ) € Fil"U,. We now show that the images of these u; in
gr’"U,, are linearly independent. We may assume that d, > 0 and hence that m is
not divisible by p. Since m < 1%, we see as in the proof of Theorem 3.1 that the
natural map

Um/Um+1 — (MX/UM-H) ® Fp

is injective, so that we may identify gr™U, with
(Unn /U1 @ Fp(x 1)) GHM/E),

Since the map
l®9F, = Upn/Upi1 @F,

induced by &,m is an isomorphism and the elements A, , , are linearly independent
over F,, it follows that so are their images in gr™U,,.
Now suppose that 0 < m < pfl. In this case dg is the number of ¢ such that
s =1+ %L = ;fjilp Aj+1 7é p—1, and (ai+1a~"aaj) = (pap_ L...,p— 1) for
some j > i. For each such 4, we have n} = Z}J—fll —e=m and 7/ = 7,41, so that
u; = xm(Ar, ;) € Fil"Uy. Note also that for distinct ¢, the corresponding j are
distinct mod f. The proof that the images of w; in gr" U, are linearly independent
is then the same as in the preceding case.

Finally note that if m = 0, then s = 0, so ds = 0 unless Y is trivial, in which case
ds = 1. Therefore it suffices to note that wus,iy iS not in Fil! Uy,. [l

We can now define a basis for H!(Gg,F,(x)) as the dual basis to the one in
Theorem 5.1, denoting the corresponding cohomology classes ¢, for 7 : k — F,,
together with ¢y, if x is trivial and ¢y, if x is cyclotomic. We record the construction
as follows:

Corollary 5.2. The set consisting of the classes ¢, for T € T, together with cuy if
X is trivial and ¢y, if x is cyclotomic, forms a basis for HY (G, Fp(x)).

6. DEPENDENT PAIRS AND ADMISSIBLE SUBSETS

We now determine the extent to which the basis for H' (G, F,(x)) just con-
structed is independent (up to scalars) of the choices made. We maintain the
notation of Section 5, so K is an unramified extension of Q, of degree f with
residue field k, T' = {79,...,7f_1} (where 7; = 79 o Frob") is the set of embeddings
k — F,, and we fix a character x : Gx — F; and write |7, = Hif:o w? where
R F; corresponds to 7; by local class field theory and (ao,...,ar_1) is the
tame signature of x.

6.1. Dependent pairs. Recall that we chose an extension M of K with a uni-
formizer m such that x|q,, is trivial and M = L(7w) where L/K is unramified of
degree prime to p, e = [M : L] divides p/ — 1, and 7¢ € K*. We introduce the
following notion in order to explain how the basis of Corollary 5.2 depends on the
choice of M and :

Definition 6.1. For i,t € Z with 1 <¢ < f — 1, we say that ([i], [i +t]) € (Z/fZ)?
is a dependent pair if a;41 = p, a;4¢41 # p, and

ai+2:...:ai+5:p—l, Aits+1 = ... = Qj4¢t =P

for some s € 1,...,t.
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Note that the first (resp. second) displayed chain of equations automatically holds
if s =1 (resp. s =t). Note that if ;41 # p then there are no dependent pairs of
the form ([7],[4]), and that if a;41 = p then the number of dependent pairs ([i], [j])
is either s or s — 1 where s € {1,..., f} is such that

ai+2:...:ai+5:p71, ai+s+17ép—1.

More precisely, the number of such dependent pairs is s unless

(ai+27 vy Qigsy Qjdos41y - - - »ai+f+1) = (P -1,...,p—1,p,... »P)7

in which case it is s — 1. Note that there are no dependent pairs at all if x|, is
trivial (in which case all a; = p — 1) or cyclotomic (in which case all a; = 1).

6.2. Dependence of the basis on the choice of uniformizer. Recall that

we defined a basis for U, = (M* ®Fp(x_1))Gal(M/K) using the elements u; (for
i=0,...,f—1), ugiv (if x is trivial) and uey. (if x is cyclotomic) defined by equations
(7), (8), (9). Suppose now that we choose another uniformizer «’ (for the same M)
such that (7)€ € K* and accordingly define elements u} for ¢ = 0,..., f — 1, and
ufg if X is trivial. (Note that ucy. does not depend on the choice of uniformizer.)

Proposition 6.2. For i = 0,...,f — 1, the element u} differs from a non-zero
multiple of u; by an element of the span of

{w;|([7,[4]) is a dependent pair}
and Ucyc if x @5 cyclotomic.

Proof. Recall that we require 7¢ and (7')¢ to be in K, so setting a = 7’/7 and
a=a €l, we have a® € OF and a® € k*.

Suppose first that o = [a]. Note that W,s = Wrw,, where w, is the unramified
character of Gal(L/K) = Gal(l/k) sending g to g(a)/a € p.(k). Writing

X = p(r] Owﬁn; = p'(7] 0 Wrr)"™,
we see p = ' (1} 0 wa)™. Recall that u; and u/ are defined by
wi=¢ (M) and wg=ce (A ),

where A,/ , and A/, are any non-zero vectors in the corresponding eigenspaces
i i

A/ and A . Note however that A, = (a™ @ 1)An

/5 S0 we may choose
i

The preceding paragraph shows that we may replace 7 by [a]m and hence assume
that @ = 1 mod 7O);. Note that W, = @W,, so p = ' and we may use the same
A/ in the definitions of u; and u}. Since a® € 1+ pOgk, we see that in fact
a €1+ pOgk, so that (7‘(’)”; = 7™ where o = 1+ pd for some § € Ok.

We now apply Lemma 4.2 with x evaluated at 7. First note that if ai11 # P,
then n} > e/(p — 1), so E([a]pd(x")?") = 1 mod 7¢*/®=1 for all a € | and m > 0.
The lemma then implies that u} — u; € Filep/(p_l)UX, so u; = uj unless x is
cyclotomic, in which case u — u; is in the span of Ucye-

Now suppose that a;+; = p and let s be the least positive integer such that

aitrs+1 # p— 1. We then have n} = ”;);7_? — e, where

/ . .
A = (@™ @ 1)Apr v, which gives u; = u].

Nitst1 = Qitst1 + Qipspop + - +aip’ 71+ pf.
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For m =0,...,s — 1, we see that

P (i1 — (07 = 1)) = nigsmmir — (07 = 1).
Since njto > 1+ p+---p/=2 + pf, we see also that p*(niie1 — (pf — 1)) =
p(nite — (pf — 1)) > p;__ll, and hence that p*n/ > ——. Therefore E([a]pd(x™)P™)

p—1"
is in (O}3;)P for all @ € [ and m > s, so Lemma 4.2 implies that

s—1
_ m
€yt = Epnt + Z €psrniv™ © Frob™.
m=0
Note also that 10(57r";‘pm = ﬁﬁnépm“‘e for some B € Ok, and another application of
Lemma 4.2 shows that € gunipmte = Efglpmivmte: It follows that

s—1
u; — U = Ti+s+1(ﬁ) Z gﬂ."épm-*-ﬁ(FrObm()‘Ti+s+17#))'
m=0
We will show that each term is a multiple of a vector of the form w;4., where either
te{l,...,s— 1}, or t is the least integer such that ¢ > s and a;1¢++1 # p. Note
that ([é],[¢ + t]) is a dependent pair for each such ¢ (including ¢ = f + 1 in the case
(@ig2s -y Qigss Qigst1s--Girfr1) =@—1,...,p—1,p,...,p)).

First consider the term with m = 0, and note that n;+e = 67;);“7_1’1 If ajis11 # p,
then nj, . = <5 and 7/, = Tijst1, 80 € uiie(Arpyy ) = Uirs. On the other
hand, if a; 4 s4+1 = p, then n; 411 is divisible by p and ;Z;f*_*ll) > ooy so Lemma 4.3
implies that

—1
€ =€ enjystp1/pof—1) O Frob™".

penits1/(f=1) —pm
Writing —p = y7¢ for some v € Oy and noting that n;s40 = WTS“ +pf —1,
we see that this is the same as € penisata/ (@l —1) © Frob*l7 and another applica-
tion of Lemma 4.2 shows that we may replace v by [§]. Since Frob™' sends
Ariioivpw to Arp iy, we conclude that € .vic(Ar .., ) IS a scalar multiple of
€ enipapa/of 1) (Miporo)- If Gipspo # p, then this is wiye1. If ajps42 = p, then
we may iterate the argument to conclude that € ,;ic(Ariy.,,,u) is @ multiple of w4,
where ¢ is the least integer such that ¢ > s and a;¢41 # p.

Finally for m =1,...,s — 1, we have ¢;4s5—m41 =p—1# p, so
€Nt s—m+1 e
Wifs—m = et = (P (niystr— (' = 1)) +p" = 1) =njp™ + ¢

pF—1 — pf-1

and 7/, . = Tits—m+1. Since Frob™ sends A;, ., ,to Ar. . ., we conclude
that € ./ ym.c(Frob™ (A7, ) is a multiple of u; 4, where t = s —m. O

6.3. Dependence of the dual basis on the choice of M. Recall that we defined
a basis for H!(Gk,Fp(x)) as the dual basis to the one constructed for U, denoting
the corresponding cohomology classes ¢, for 7 : k — F,,, together with ¢, if x is
trivial and ¢, if x is cyclotomic. Suppose now that we make another choice of M’
and 7’ of the required form and denote the corresponding basis elements ¢! for
71k — F,, and ¢, if x is cyclotomic. (Note that if x is trivial, then c,, spans
H! (Gk,F,), so, up to scalar, is independent of the choices.)
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Proposition 6.3. Fori = 0,...,f — 1, the element . differs from a non-zero
multiple of c., by an element of the span of

{cr, | ([7], 7]) is a dependent pair}
and cun if X 18 trivial.

Proof. Suppose first that the ¢, and ¢, are defined using the same field M, but
different choices of uniformizers m and «’. Suppose also that x is not trivial or
cyclotomic. Define T = (t;;) € GL;(F,) by u; = Ef;_ol tijuj fori =0,...,f -1,
so that ¢/ = Z{;& tjicy, for i =0,..., f — 1. The conclusion is then immediate
from Proposition 6.2, which shows that ¢;; # 0 for each 7, and that ¢;; = 0 unless
i =j or ([7],[j]) is a dependent pair. If x is trivial or cyclotomic, then there are no
dependent pairs, and the conclusion is again immediate from Proposition 6.2.

Now suppose that M and M’ are any two extensions of K of the required form.
By symmetry, we may replace M’ with a larger extension satisfying the hypotheses,
and hence assume that if M = L(r), then M’ = L'(n") where L’ is an unramified
extension of L of degree prime to p and (7')¢ = m where de divides pf — 1. By the
preceding paragraph, we may assume that the ¢, are defined using the uniformizer
.

Note that we have used the isomorphisms of class field theory in order to identify

H'(Gk,Fp(x)) with both Homg (U, F,) and with Homg (Uy,Fy), where

Gal(M/K) Gal(M'/K)

Uy = (M* @F,(x ")) and Uy = (M) @ F,(x ™))

Recall that this identification is compatible with the isomorphism U;( — U, induced
by the norm map from (A")* to M*. Denoting this isomorphism v, /p; and the
basis elements for U] by uj, it suffices to prove that vy p(u}) is a multiple of u;
fori=0,...,f—1, and similarly for ug,. and ucy. if x is cyclotomic.

With our choices of m and 7/, the map € nl appearing in the definition of u; is

simply the restriction to [ ® F,, of the one in the definition of u}. Note also that the
embeddings 7/ and unramified characters p are the same for M and M’. Therefore

1 l /
I/M//M(ui) = Z 67‘{'"’2 )‘T{,,u = deﬂ.”;trl//l(A'rlfﬂu)v
geGal(M’ /M)

where A, is in the p-eigenspace for the action of Gal(l'/k) on I @y -/ F,. The

conclusion follows from the observation that try (AL #) € A;; . Finally, if x is
cyclotomic, then the argument for ug, is similar. ]

6.4. Admissible sets.

Definition 6.4. We say that a subset J C Z/fZ is admissible if for all dependent
pairs ([j], [7]), we have that if [i] € J, then [j] € J. We say that a subset J C T is
admissible if the corresponding subset of Z/ fZ is admissible.

The following is immediate from Proposition 6.3:

Corollary 6.5. If J C T is admissible, then the span of the set {c, |7 € J} in
HY Gk, Fp(x))/HL(GK,Fpy(x)) is well-defined, i.e., independent of the choice of
M and 7.
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Finally we give some criteria for admissibility in terms of the subspaces of
HY(Gk,Fp(x)) which were defined in Section 3 using the ramification filtration.
Note that since cun € H), (G, Fp(x)) (if x is trivial) and ¢, & HL (G, Fy(x)) (if
X is cyclotomic), we always have that { ¢, |7 € T'} is a basis for the f-dimensional
space HL (Grc, Fp(x))/ Hoa(Gic, Fyp()).

Theorem 6.6. With the above notation we have:

(1) If T € T, then the following hold:

(a) {7} is admissible if and only if ¢; € Hly(Gx, Fp(x));

(b) T — {7} is admissible if and only if ¢, & Hglt(GK,Fp(x)).
(2) The following are equivalent:

(a) x is generic;

(b) all subsets of T are admissible;
(©) HYy(Gre, Fy(\) = Hl (Grcr Fy (1))
(d) Hyg(Gr,Fp(x) = Huu(Gr, Fp(x))-
Proof. To prove part 1), let 7 = 7;. From the proof of Theorem 5.1, we see that ¢,
is in Fil* HY(Gk, Fp(x)) but not in Fil~*HY (G, F,(x)), where s = 1 + %/ and n}
is as in the definition of the classes wu;.

For la), note that {i} fails to be admissible if and only if a;4+1 # p and
(aj,...,a;) = (p,p—1,...,p—1) for some j with i — f +1 < j < 4, which
in turn is equivalent to n, > e. Therefore {7} is admissible if and only if
er € FilH (G, Fy(x)) = HY (G, Ty ().

For 1b), note that T'— {7} is admissible if and only if a;1; # p or x|r, is not
cyclotomic, which in turn is equivalent to n) > e/(p — 1). Therefore T — {7} is
admissible if and only if ¢, ¢ Fil71 H' (G, Fy(x)) = HL (G, Fp(x)).

Turning to part 2), note that 2a) and 2b) are both equivalent to the condition
that there be no dependent pairs, which in turn is equivalent to the admissibility of
all singletons. The equivalence of 2b) and 2c) thus follows from 1a) and the fact
that the {¢, |7 € T'} span HY (Gk,Fp(x))/Hy,(Gk, Fp(x)). The equivalence of
2a) and 2d) is immediate from part 5) of Corollary 3.2. O

7. DISTINGUISHED SUBSPACES

We now return to the setting of Section 2, so K is an unramified extension
of Qp of degree f with residue field k, T is the set of embeddings k — F,,, and
p: Gg — GL2(F,) is a continuous representation. We assume further that p
X1
0
X =x1Xz " and let ¢, € H'(Gk,F,(x)) denote the extension class associated to p.

Recall that we have defined a set W'(x1,x2) of certain pairs (V,J), where
V is a Serre weight (i.e., an irreducible representation of GLg(k) over F,) and
J is a subset of T' and for each (V,J) € W'(x1,x2) a certain subspace Ly, ; of
HY(Gr,Fp(x)). We then define d Ly as the union of the subspaces Ly, ; such
that (V,J) € W'(x1,x2), and W(p) as the set of V' such that ¢, € Ly fixed typo.
In this section we give a conjectural description of Ly in terms of the basis for
HY(Gr,Fy(x)) of Corollary 5.2.

As in the preceding sections, we choose an embedding 7o € T', set 7; = 7 o Frob®
(fori€Z or Z/fZ), and let w,, : Ix — F: denote the corresponding fundamental

is reducible, so p ~ ;) for some characters y; and 2 of Gx. We let
2
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character. We let x = x1x5 1 and write

-1
X|IK - H ngv
i=0
where (ag,...,af_1) is the tame signature of x. We will often interchange ; and ¢ in
the notation, and thus identify T with Z/ fZ (except in the notation for fundamental
characters where this could lead to confusion).

7.1. Shifting functions ¢ and p. For any subset J of Z/fZ, we will define a
subset u(J) of Z/fZ. First we define a function ¢ : Z — Z depending on the
integers a; as follows: If j € Z we let 6(j) = j unless

(ai+1;ai+27~~';aj) = (papf 1,"'ap7 1)

for some ¢ < j (necessarily unique), in which case we let §(j) = i. Note that ¢
induces a function Z/fZ — Z/fZ, which we also denote by §. If §(J) C J, then
we let u(J) = J. Otherwise we choose some [i1] € §(J) \ J and let j; be the least
integer such that j1 > 41, [j1] € J and 6(j1) = 41. Now write J = {[j1],...,[j-]}
with j; < jo < -+ < jr < j1 + f, and define i, for kK = 2,...,r inductively as

follows:
. { 6(jn), ifde—1 < 6(j),
iy = ’ .
jr,  otherwise.
We then have i1 < iy < -+ <, < i1 + f, and we set pu(J) = {[i1],...,[ir]}. One

checks easily that this is independent of the choice of i;. Note that by construction
we have 0(J) C u(J) C 6(J)U J.

Lemma 7.1. The set pi(J) is admissible.

Proof. Suppose that ([i +¢t],[i]) is a dependent pair with notation as in Defini-
tion 6.1. We must show that if [¢ +¢] € p(J), then [i] € p(J). Recall from §6.1 that
s is such that a;+s = p — 1 but a;4+s4+1 = p. Note that

0(i+1)=--=6(i+s)=14, and d(i+v)=i+v—1forv=s+1,...,t.

In particular 6([i 4 t]) # [i + t], and since a;1¢11 # p, it follows that [¢ + ¢] is not in
the image of §. If [i + t] € u(J), we must therefore have i +t = j,, = i,, for some
choice of i1 and some k € {2,...,r}. If s <t, then the resulting inequalities

jm —-1= 6(]&) < in—l < jm—l < jn
imply that ¢,,_1 = jx—1 =¢+t— 1 and kK > 3. Repeating the argument shows that

forv=2,...,s—t, we have i,_), = ju—y, =1+t —v and kK > v + 2. In particular
[i + s] € J, and hence [i] = §([i + s]) € u(J). O

7.2. Explicit distinguished subspaces. Now let V = V- and suppose that
(V,J) € W(x1, x2) for some J C T. Then there is a unique Jiyax C Z/fZ such that
(V, Jmax) € W'(x1, x2), and Jyax satisfies the two conditions:

o if (bj,biy1,...,0j-1,b;) = (p,p—1,...,p — 1,1) for some ¢ < j such that
i+ 1,...,7 — 1€ Jnax, then j & Jyax;

o if (by,...,bp—1)=(p—1,p—1,...,p—1),0orif p=2and (by,...,bs_1) =
(2,2,...,2), then Jyax # 0.
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(This is proved in [15] for p > 2, but one easily checks that it holds also for p = 2.)
We then define LA CH(Gx,F,(x)) to be the span of { ¢, |7 € p1(Jmax) } together
with ¢,y if x is trivial, unless y is cyclotomic and V = ch:l; with Jpax = T and
(bos---sby—1) = (p,p,...,p), in which case L{H = HY (G, F,(x)) (ie., we include
cyr as well). By Corollary 6.5 and Lemma 7.1 the space LéH is well-defined, i.e.,
independent of the choices made in Section 5. (The superscript AH refers to the
use of the Artin—Hasse exponential in its definition.)

We now state our conjectural explicit description of the subspaces appearing in
the recipe for the weight:

Conjecture 7.2. If (V,J) € W'(x1, x2) for some J, then Ly = LYH.

Recall that [15] proves that if p > 2 and (V,J) € W/(x1, x2), then Ly, ; C Ly j,....
so that Ly can be replaced by Ly, ;. in the statement of Conjecture 7.2 if p > 2.
Since L is a subspace of H' (G, F,(x)) of dimension at most that of Ly s,

Conjecture 7.2 implies that LH? = Ly, , and hence the assertion that Ly, ; C
Ly ;... forall (V,J) e W'(x1,xe) still holds for p = 2.

7.3. A weight-explicit Serre’s conjecture. Finally we record a more explicit
form of Conjecture 2.1. For p as above, define WAH(p) to be the set of V' such that
(V,JJ) € W(x1, x2) for some J and ¢, € L. For irreducible p : Gx — GLo(F)),
define WAH(p) = W (p).

Suppose now that p : Gp — GL2(F,) is continuous, irreducible and totally odd.
Combining Conjectures 2.1 and 7.2 then yields:

Conjecture 7.3. The representation p is modular of weight V = ®(pes,1Vp if and
only if V, € WAH(p|GFp) for allp € Sp.

If p is modular (of some weight) and satisfies the hypotheses under which the
weight part of Serre’s Conjecture is known (by [14] or [20]), then Conjecture 7.3 is
immediate from Conjecture 7.2.

8. THE QUADRATIC CASE

In this section we delineate the possibilities for the spaces of extensions LQH and
the sets of Serre weights W4H(p) in the case f = 2. We refer the reader to the
forthcoming paper [9] for a more detailed discussion of the situation for arbitrary f
and the underlying combinatorics.

Suppose now that K is the unramified quadratic extension of Q,, and p : Gx —
GL2(F,) is a continuous representation.

8.1. Three reducible cases. Suppose first that p is reducible, so that p ~

(%1 ; > for some characters x1,x2 : Gk — F: . Twisting by ", we may
2

assume Yo = 1, and we write x for 1 and ¢, € H'(Gk,Fp(x)) for the associated
extension class. Choosing an embedding 7y : k — Fp, we may write x|r, = w with
p+1<a<p®+p Welet (ag,a;) denote the tame signature of x, so a = ag + a1p;
altering our choice of 7y, we may further assume that 1 < ag < p—1and ay < a; < p.
We now divide our analysis into three cases, following the terminology introduced
after Theorem 3.1:

I) x is primitive and generic: 1 < ag < a1 < p;



24 LASSINA DEMBELE, FRED DIAMOND, AND DAVID P. ROBERTS

II) x is imprimitive and generic: 1 < ag = a1 < p;
III) x is primitive and non-generic: 1 < ag < a; = p.

Thus the analysis in Case I is simplest, and the other two cases represent the
two main complications that can occur. Note that Case II occurs precisely when
X has absolute niveau 1, so x|r, = w® where w is the cyclotomic character and
1 <e¢<p-—1,and Case III occurs precisely when x|7,, = w¢ for some 7 and ¢ with
1 <c¢<p-—1. Note also for f = 2 (or indeed any prime f), x cannot be both
imprimitive and non-generic.

8.2. Case L. In Case I, the elements of W'(x, 1) are the pairs (V;,.J) given by the
columns of the table:

J| T {0} {1} 0
(10) d| (0,0) (p-Lai—1) (a—Lp—1) (ag,a)
b | (as,a1) (ao+1,p—a1) (p—ao,a1+1) (bo,b1)
where
(p_]-_a07p_]-_a1)7 ifa1<p_]-7
(b07b1): (p_2_a07p)7 ifalzp_landa0<p_27

(p,p—1), if (ap,a1) = (p—2,p—1).

For each V = VJ,E in the table, there is a unique J € Sy (x, 1), so that J = Juyax;
moreover J = u(J) is admissible. If J = T, then L{$# is the whole two-dimensional
space H'(Gr,F,(x)), and if J = (), then L#H = 0, but if J = {i} for i = 0 or 1,
then LHH is a one-dimensional subspace of H'(Gk,F,(x)) which we will simply
denote L;. We then have four possibilities for W4H(p):

Ta) { V(0,0),(a0,a1) } if €p & Lo U Ly;
Ib, ) {‘/(0»0)7(a07m% Viao—1.p-1),(p—a0,a1+1) pifep, € Ly, cp #0;
Ib?) {‘/(0,0),(ao,al)v ‘/(p—l,al—l),(ao—&-l,p—al) } if Cp € LOa Cp 7é 0;
Ic) {V(Oﬁ)v(ao,ﬂl)’ Vip—1,01-1),(ao+1,p—a1)» Viao—1,p-1),(p—ac,a1+1)» Vao,a1),(b0.b1) }
if ¢, = 0.
We now proceed to describe the subspaces Lo and L.
With notation as in Section 5, we have ng = a = ag + pa; and ny = a1 + pag, so
that n; < ng. Choosing a tamely ramified extension M with uniformizer m, residue
field [, and ramification degree e as in that section, we have nf, = eny/(p? — 1),
ny = eng/(p* — 1), and

X = plr1 0 @)™ = p(ro 0 W)™,
where w,(g) = g(n) /7.
Theorem 5.1 provides a basis {ug,u1} for U, = (M* @ F,(x 1)) M/K) with

u; € (1@ F,) = E([l]7") @ F).

s

We can therefore describe the elements of the dual basis {cg, 1} for

H'(Gk,F,(x)) = Homgaar i) (M, Fp(x))



SERRE WEIGHTS AND WILD RAMIFICATION 25

by specifying their values on the elements of M* of the form E([a]x™) for a € | and
1 =0,1. We find that ¢y and ¢; are defined (up to scalars) by the homomorphisms

a(E(lalr™)) =0,  c(E(lar™) = > u(g)7(ga?)
g€Gal(l/k)

and ¢ (E([a)r0)) =0,  c(BE(ldr™) = Y uH(g)R(ga?)
g€Gal(l/k)

for any choices of embeddings 7; : | — Fp extending the 7;. Indeed it is straight-
forward to check that ¢;(hz) = y(h)co(z) for & = E([a]x™), we clearly have
co(u1) = ¢1(up) = 0, and the following lemma shows that ¢o and ¢; are not identi-
cally 0. For the lemma, we momentarily drop the assumptions that [k : Fp] = 2 and
that [l : k] is not divisible by p.

Lemma 8.1. Suppose that k C 1 are finite extensions of Fp, u: Gal(l/k) — F: 18
a character and 7 : | — F,, is an embedding. Then the function f :1 — F,, defined
by f(a) =3 ecaiusm) #(9)T(ga) is not identically zero.

Proof. Suppose that f(a) = 0 for all @ € I. Let F denote the subfield of F,
generated by the values of y, and let r = [F : F,]. Fori =0,.. Sr—1, consider
the function f@ Pl= F, defined by f%(a) = 2 geGal(i/k) uP (9)7(ga). Since
f@D(@aP") = (f(a))? = 0 for all a € I, the function f* is identically zero, and
therefore so is the function h : I — F,, defined by

) =S fO@) = 3 tresm, (u(9))7(g0)
i=0 geCal(l/k)

Taking a so that { ga|g € Gal(l/k) } is a normal basis for I/k, the 7(ga) are linearly
independent over 7(k), and hence over F,. It follows that trg,/p, (1(g)) = 0 for all
g € Gal(l/k). Since the values u(g) span F as a vector space over F,, this implies
that trp g, is identically zero, yielding a contradiction. ([

We thus obtain the criterion that ¢, € L; if and only if E([a]memi/(0* 1)) ¢ ker(c,)
for all a € [. Since ny < ng, this provides a description of Ly in terms of the
ramification filtration on cohomology defined in Section 3. By Theorem 3.1, we have

- 0, ifs<l+ny/(p?*-1),
dimg Fil*(H' (G, Fp(x) = L if1+n/(p> —1) <s<1+n/(p* 1),
2, ifl+mng/(p?>—1)<s.

We thus see that
(11) Lo = Fil' ™™/ =D (HY (G, Fy(x))) = Fil<+/ =D (1 (G, Fy (),

so that ¢, € Lo if and only if GnKO/(pz_l) C ker(p). The space Ly cannot be described
in terms of the ramification filtration, but it can still be characterized in terms of
splitting fields. Indeed if we let N denote the splitting field over M of p, then we
have

12) ¢, € L; ifand onlyif E([a pens/ @ =1y ¢ Normp /s (N*) for all a € .
P /
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8.3. Case II. We now turn to Case II, where the tame signature (ag, ap) has period
1. Then W’(x,1) is given exactly as in (10) with the following changes:

e if ap = 1, then we also have d = (0,0), b= (p,p) for J =T;
e if ag = p — 2, then we also have d = (p — 2,p — 2), b = (p, p) for J = 0;

e if ag = p—1, then take b = (p—1,p—1) for J = ), and we have the following
additional elements:

J | {0} {1} 0 (if p=2)
CZ (r—2,p-1) (p-1,p-2) (0,0)
b (1,p) (p, 1) (2,2)

For each V we still have a unique J € Sy (x,1) unless ag = p — 1, in which case
each Sy (x, 1) has two elements, and the ones appearing in the last bullet above are
precisely those for which J # Jyax. Note that every J arises as Jyax for some V'
unless ag = p — 1, in which case Jy.x = 0 does not arise. Moreover J,,x uniquely
determines V' unless ag = 1, in which case V(g 1,1) and V(g0),p,p) both have
Jmax = T', or ag = p — 2, in which case V{;,,_2 ,—2),(0,0) and V(,_2 _2) (p,p) both have
Jmax = 0. Tt is still the case that J = p(J) is admissible for every J.

If Jnax = 0, then L‘A,H =0. If Jpax = T, then LQH = Hl(GK,Fp(X)) unless
X is cyclotomic and V' = V(g ),1,1), in which case LYY = HY Gk, Fp(x)) =
Htly(GK7Fp(X) has codimension one in H'(Gr,Fp(x)). If Jmax = {i} for i =0 or
1, then writing simply L; for L, we have the sequence of inclusions of subspaces
with codimension one:

(13) H (Gr, Fy(X)) C Li C H(Gk, Fp(x))-

We now list the possibilities for WAH(p).
If ag = 1, then WAH(p) is:

11z) { Vio,0),(pp) } if ¢p & HE (G, Fp(x));
ITa) {V(o,o),(p,p), Vi0,0),(1,1) }if Cp € Htly(GK»Fp(X)) — (Lo U Ly);
Ib1) {V(0,0),p: Y(0,0),011): Viop-1),0-1,2) } if ¢ € L1 — Lo;
IIb2) { Vi0,0).(pp)> V(0,0).(1.1)> Vip—1,0),2p-1) } I ¢ € Lo — Lu;
1e) {V(0,0),0.0)» V(0,0).(1,1): Vip-1,0).2p-1)s Viop-1),(0-1,2): V1.1), (0-2.0-2) }
if ¢, € LoN L1 = HL (Gk, Fp(X)),
where in Case Ilc) we omit V(1 1) (p—2p—2) if p = 2 and add V{4 1),(3,3) if p = 3. Note
that Case I1z) is only possible if x is cyclotomic, and recall that H (Gk,F,(x)) =0
unless x is trivial (which implies here that p = 2).
If 2 <ap <p-— 1, then WAH(p) is:
IIa') {WO 0),(ao,a0) } if Cp ¢ Lo U Ll,
I1b1) { V(0,0).(a0.a0) Viao—1,p—1),(p—ac,a0+1) } if €p € L1 — Lo;
IIbQ) {‘/(0 0),(ap,a0)’ ‘/(p 1l,a0—1),(ao+1,p—ao) } if Cp € Lo — Lq;
IIC ) {VO 0),(ao,a0)s ‘/(p 1,a0—1),(ao+1,p—ao) ‘/(ao 1,p—1),(p—ao,a0+1)> .
V(aoyao),(P—l—am;D—l—ao) } if Cp € LonLy = un(GK7 FIJ(X))7
where in Case IIc’) we omit V(1 1), (p—1—ag,p—1—ao) if a0 = p — 1 and add Vi1 1),p,p)
if ap = p — 2. (Recall again that H} (G, Fp(x)) = 0 unless x is trivial, in which
case ag =p — 1.)
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We now turn to the description of the subspaces L;. The main difference from
Case I is that we now have ng = n; = a = ag(1 +p), so that n{, = n} in the notation
of Section 5. (Note also that we may choose e to divide p — 1.) Another difference
is that y may be trivial or cyclotomic, so that H*(G g, F,(x)) and U, may have
dimension greater than two. However from the inclusions (13) we see that it suffices
to describe the image L} of L; in the quotient

Htly(GK7 FP(X))/HIIHI(GK’ FP(X)) = HomGal(M/K)(O;\j[/Um? Fp(X))

C HomGal(M/K)(O]T/DF;D(X))v

where U,,, = 1+ ™0y for m = [ep/(p — 1)]. This quotient has a basis {c{,c}}
where ¢} spans L} and is determined by its values on elements of the form E([a]7"0)
for a € [ by the formula

(14) dllajm™)y =Y p(g)ilga?),
g€Gal(l/k)

where 7; : | — Fp is any choice of embedding extending 7;. Indeed it follows from
the definitions of the elements u; that ¢; € L} and from Lemma 8.1 that ¢ # 0.

As for the ramification filtration on cohomology, the fact that the tame signature
has period 1 in this case gives that

dimg Fil*(H' (G, Fy(x))) =

0, if s <0,
Strivs if 0<s<1+ng/(p?>-1),
5triv+27 1f1—|—n0/(p2—1)§3<1—|—p/(p—1),

6triv +2+ 6cyca if 1 +p/(p - 1)) S 5,

where iy (resp. deye) is 1 or 0 according to whether or not x is trivial (resp. cy-
clotomic). Unlike Case I, neither of the spaces L; can be described in terms of
the ramification filtration, nor can we necessarily detect whether ¢, € L; from the
splitting field of p.

8.4. Case III. Finally we consider Case III, where the tame signature of x has the
form (ag,p). The elements of W’(x, 1) are then given in the table:

| J | T {0} {1} 0

1Sa0<p_1 L;l' (070) (p_27p_1> (0107]7_1) (a07p)

b | (ao,p) (@ +2,p) (p—1—ao1) (bo,b1)

an=1—1 J (070) (p—l,O) (p_lvp_Q) (071)

0=2D Y
b (pflap) (lapfl) (p72) (b07b1)
where
(p_Q_a07p_]—)7 if(l0<p—2,
(bOabl): (pap_]-)u ifa():p_20rp:27

(p—1,p—2), ifap=p—1andp>2.
As in Case I, there is a unique J € Sy (x, 1) for each V in the table, so that
J = Jmax. However only T, {0} and §) are admissible, and the functions ¢ and u
introduced in Section 7 are non-trivial. Indeed we find that p(T) = T, p({0}) =
pu({1}) = {0} and pu(0) = 0. If J =T, then L1 is the whole two-dimensional space
HY(Gk,Fp(x)), and if J = 0, then LH? = 0, but if J = {i} for i = 0 or 1, then
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LM is the same one-dimensional subspace of H'(Gx,F,(x)) which we will simply
denote L. We therefore have three possibilities for WAH(p).
If 1 <ap <p— 1, then WAH(p) is:
Ia) { V(0,0),(a0.p) } if ¢p & Lo
1Ib1) { V0.0).(a0.): Vio—2.0-1).(a0+2.0)s V(a0 p-1).(p-1-a0.1) } if ¢ € Lo, ¢p 7# 0;
IHS) {V10.0).a0.)> Vip—2.p-1).(a0+2.0)» Viao.p—1).(p-1-a0.1)s Vlao.p).(bo.b1) J 1 Cp =

If ag = p — 1, then WAH(p) is:
IIIa’) {V(O,O),(ao,p) } if Cp Q L();
IIb1) { V0,0, (a0, )+ Vip-1.0).(10-1)s Vio-1.0-2),0.2) } if ¢ € Lo, ¢, # 0
1) { V0.0).(a0 )2 Vip-1.0).(10-1)s Vio—1.0-2).(0.2)» Vi0.1),(bo 1) } i € = 0.
Turning to the subspace Ly, we now have ng = ag+p? and nq; = (ao+1)p, so that
again n} = eng/(p? — 1), but now nf, =nj —eifag <p—1land n) =e/(p>—1) =1
if ag = p — 1. Therefore Ly is spanned by the class ¢y determined by the formula

co(Elalm™)) =0, co(E(lan™)) = D w(9)o(ga”)
g€Gal(l/k)
for a € [, where 7; is any choice of embedding extending 79. We thus obtain the

criterion that ¢, € Ly if and only if E([a]menmo/P* 1)) ¢ ker(c,) for all @ € I. In
terms of the splitting field N of p over M, we have

¢, € Ly if and only i almeno/ @ =1)) ¢ Norm /s (N™) for all a € 1.
15) ¢, € Lo ifand onlyif E /p )
As for the ramification filtration, we now have

B 0, ifs<1l+m/(p?—1),
dimg Fil*(H'(Gx, Fp(x) =14 1, if1+m/(p* —1) <s < 14mno/(p* 1),
2, if 14+mno/(p? —1) <s,

where m =ag+1if 1 <ag<p—1and m=11if ag =p — 1. We thus see that

(16) Lo = Fil' ™ @ =D (H (G, Fy(x))) = FilH /0D (HY (G, Fy (X)),

so that ¢, € Ly if and only if GnK"/(pQ_l) C ker(p). Moreover since m < p+ 1 and
ng > p? — 1, we have Ly = H} (Gk,Fp(x)) = Hly(Gk,Fp(x)), so that these are
precisely the gently ramified classes, which in this case coincide with the cogently
ramified classes.

We remark that if ag = p — 2, we have Ly, , _, ., C Hg(Gx,Fy(x)) by [11];
together with the equality Lv;,_, ., .y = LV, s, 1., Provided by [6], it follows
in this particular case that WAH(p) = W (p).

8.5. Two irreducible cases. For completeness, we also list the possibilities when
p is irreducible. Recall that in this case we let WAH(p) = W (p) as defined in (4).
We let K’ denote the unramified quadratic extension of k and k' its residue

field. Choose an embedding 7/ : k' — F,, and let ¢ = w,/ : [ — F; denote the
associated fundamental character, so 1) has order p* — 1. We then have

¥ 0
p‘IK ~ < 0 wp2a>
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for some a with 1 < a < p* — 1 and a # 0 mod p? 4+ 1. Twisting by characters of
Gk, we may alter a by multiples of p? + 1 and hence assume 1 < a < p?. Altering
our choice of 7/, we may further assume a = ay + a1p where either

IV) 2<agy<p—-land1<a; <p—2or

V) 1<ag<p-1anda =0.
In Case IV, which is equivalent to a # ip’ mod p?>+1fori=1,...,p—1,5=10,1,2,3,
we find that

W(p) = {V(O,O)y(aoyal)’ ‘/(ao71,0«1),(17“1’1*040,17*1*0‘1)? ‘/(aofl,pfl),(pfao,aqul),
‘/(O,al),(ao—17p—a1) }

where the indices in T are ordered so the first embedding is the restriction of our
chosen 7/. In case V, we find that

W(p) = {Vip-2p-1).(a0+15)> Viao—1,0),(p+1~a0,p-1)s Viao—1.p-1),(p—a0,1)>
V(0,0),(a0-1) }
with the last weight omitted if ap = 1.

9. EXAMPLES OF (GALOIS REPRESENTATIONS

We now illustrate the possible behavior discussed in the preceding section with
eight explicit examples for p = 3, f = 2. In the next section, we will exhibit in
Table 3 numerically matching automorphic data for each of the Galois representations
described here. We refer to [9] for an extensive collection of examples for more
general p and f and elaboration on methods for obtaining and analyzing them.

We are restricting here to p = 3, as this is the smallest prime for which all the
reducible Cases I, II and III arise. We organize the examples according to the
classification in the preceding section, and we content ourselves with examples for
each type labeled a) or b;) as these already illustrate the main new phenomena
involving wild ramification in the quadratic case.

In the first two examples, F' = Q(+/2) while in the last six, F = Q(v/5). All
our representations p take values in GL3(k), where k = Op/30rF is viewed as a
subfield of F3 via the embedding labelled 75. We let o denote a root of 2 + 2z — 1
if F = Q(v/2), and a root of 22 —z — 1 if F = Q(/5), and in either case we use the
same symbol « for its image in k C F3.

In the list below, we describe p by specifying its projective splitting field, its
conductor (prime to 3) and its local behavior at p = 3 up to an unramified quadratic
twist. In each of our examples one can show there is a unique representation p
satisfying this description, except for those in Case III, where there are two such
representations differing by a quadratic twist.

9.1. Case I. We use examples with tame signature (ag, a1) = (1,2), so ng = 7 and
n1 = 5. This means that p|g, is a twist of a representation of the form

* .
(51) wonad e

in particular x is primitive and generic.
In all our examples, y will in fact have the form w? : Gal(M/K) — k* where 78
is a uniformizer of K, M = K(7) and w, is the associated fundamental character.
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The class ¢, € H'(Gk, k(w!)) thus corresponds via local class field theory to a
Gal(M/K)-linear homomorphism

M* — Gal(N/M) = k(w)

with kernel Norm /(N *) where N is the projective splitting field of p|q, . This
kernel contains TM*, where T is the kernel of the surjection Z[Gal(M/K)] — k
induced by w!. As a k-vector space M*/IM* is two-dimensional, spanned by

E3(n®) = 147° and E3(n7) = 147", and Norm (N *)/IM* is a one-dimensional
subspace that determines WAH(p|g,.) via (12).

Example Ia. Let F' = Q(v/2) and let E denote the splitting field over Q of the
polynomial

fra(x) = 2% — 2427 — 422° — 242* — 482 — 1822 — 322 — 96.

Then F C E, and there is an isomorphism ¢ : Gal(E/F) — PGLy(k) that lifts to a
representation p : Gp — GLo(k) of conductor p§, where py = (v/2).
Up to an unramified quadratic twist, the local representation p|g, has the form

7
5 W X
2o (1)

where 78 = 3, and the splitting field N of the projective local representation is
that of the polynomial 2 + 627 + 325 4+ 6. Here and in the later examples, we
are using the database described in [16] to pass from the global polynomial to a
local 3-adic Eisenstein polynomial. As will be explained in more detail in [9], the
above form for the local representation is determined up to twist by the maximal
tamely ramified subfield of N (in this case M = K(x)), the action of Gal(M/K)
on Gal(N/M) and the choice of isomorphism p. The twist is then specified, up
to an unramified quadratic character, as part of the data characterizing the lift
p of the projective representation p. Using a Magma program described in [9],
we find that Normy,;(N*)/IM* consists of the classes of elements of the form
1+ [a]7® — [a]>77 for a € k. Taking into account the twist by w2, we conclude from

(12) that WAH(pla, ) = {Vi2,1),0,2)}-

Example Ib;. Let F = Q(+/2) again and let E denote the splitting field over F' of
the polynomial

Jio, (x) = 219 — 928 + 7820 — 2462* — 4823 + 45927 4 224x — T5.

We again have F' C E and an isomorphism Gal(E/F) = PGLy(k) lifting to a
representation p : G — GLa(k) of conductor p§.
Up to an unramified quadratic twist, p|g, has the form

2® (.L)Zr *
“r@lo 1

where now 78 = —3 and the local projective splitting field IV is that of 2% + 327 + 3.
In this case however Normy,y(N*)/IM* consists of the classes of 1 + [a]n® for
a € k, so (12) implies that ¢, € L;. Taking into account the twist by w2

T we
conclude that W% (p|c, ) = {V(2,0),1,2): V(0,0),2.3) }-
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Example Ib,. Now, and for all the remaining examples, let F' = Q(v/5). Let E
denote the splitting field over Q of the polynomial f,,(z) =

210 —22° + 928 + 4827 — 13225 + 5042° + 2282* — 18241> + 689422 — 7676 + 4462.

We again have F' C E and an isomorphism Gal(E/F) = PGLy(k) lifting to a
representation p : Gr — GLa(k) of conductor (2)5.
Up to an unramified quadratic twist, p|g, has the form

7
7 W X
4o ()

where m® = —3 and the local projective splitting field N is that of 2° + 62° 4+ 6. We
now find that Normy,y(N*)/IM* consists of the classes of 1 + [a]7” for a € k,

so that ¢, € Ly by (12) (or by (11) since GZS C ker(p)). Taking into account the
twist by w’, we conclude that WAH(p|g,.) = Va,2),0.2 Vi, t-

9.2. Case II. We use examples with tame signature (ag, a1) = (1,1),s0ng = ny = 4.
Thus p|a, is a twist of a representation of the form

* .
R

in particular x is imprimitive and generic.

Note that we may write ¥ = juw, where y is unramified and 72 = —3, so w; is
the cyclotomic character. In all our examples, we will have ¢, € H (Gk, k(x)), and
since HL,(Gk,k(x)) = 0, we see that WAH(p|¢ ) is determined by whether ¢, is a
multiple of either of the classes defined in (14).

Example ITa. Let E be the splitting field over Q of the polynomial
fita(z) = 2t — 23 4 22 — 11.

A representation p : Ggp — GLy(F3) of conductor (7) with projective splitting field
E is given by the 3-torsion of a quadratic twist of the base-change to F' = Q(+/5) of
the elliptic curve over Q with Cremona label 175A.

Up to an unramified quadratic twist, the local representation p|g, has the form

Wy k
0 1
2 — _

where m# = —3, so we can take M = K(7w) and | = k. The local projective
splitting field IV is that of 2% + 3x + 3. Since w, is cyclotomic, we have that
Hg(Gk,F3(wr)) = HY (Gk, Fs(wy)) has codimension one in H' (G, F3(wy)). One
can check directly that G%Z C ker(p) and hence that ¢, € H (Gx,F3(wr)), or
deduce this from the fact p is defined by an elliptic curve with good ordinary
reduction at 3. On the other hand since ¢, is non-trivial and takes values in F3, but

the homomorphism in (14) is simply 7; and hence has image of order 9, it follows
that ¢, & Lo U Ly. Therefore WAH(p|g,.) = V0,0),3,3)s Vi0,0),(1,1) }-
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Example ITb;. Let E be the splitting field over F' = Q(v/5) of
fim, (z) = 2% — 3a2® + 3ax? + (6a + 6)2® — (21a + 12)2% + (21a + 12)z — 8a — 4.

The Shimura curve associated to the units of a maximal order of a quaternion
algebra over F' ramified at one archimedean place and the prime pg; = (3 — 7a) has
genus two, and its Jacobian has real multiplication by F' (see [8, Remark 3|). The
3-torsion points of this Jacobian give rise to a representation p : Ggp — GLy(k) of
conductor pg; with E as its projective splitting field. Note that unlike the preceding
examples, F is not Galois over Q.

Up to an unramified quadratic twist, the local representation p|g, has the form

2
_1 Viw, %
v ®(O 1)
2

where 7 = —3 and v is the unramified character of Gk sending Frobg to (the
reduction of) a®. We let M = L(w) where L is the unramified extension of K of
degree 4, so also [l : k] = 4. The splitting field of the character v?w, is not of the
form required for the construction of Section 5, so we have adjoined 7 in order to
obtain a field of the required form; note that the extension M /K is not cyclic. Note
also that since v? is non-trivial, we have H{ (G, k(v?wr)) = H' (Gk, k(v?wy)).
The class ¢, now corresponds to a Gal(M/K )‘—linear homomorphism

M*/IM* — Gal(N/M) = k(v?w,)

where I is the kernel of the surjection Z[Gal(M/K)] — k induced by v2w,, and N
is the composite of M with the projective local splitting field of p. As a k-vector
space, M* /IM* is two-dimensional, consisting of the classes of E5([a]) = 1 + [a]|7
for a in the kernel of tr;,, where &’ is the quadratic extension of k. Unravelling
(14), we find that ¢, € Lo (resp. L1) if and only if ¢, is trivial on those 1 + [a|7 such
that a® = v?(Frobx) = a? (resp. a® = v%(Frobg) = —a?). Explicit computation
of elements of Norm (N*) shows that indeed ¢, is in Ly (and hence not in Lo
since ¢, # 0), so that WAH(p|g, ) = {V00,0),3.3), V(0,0),(1,1), V(0,2),(2,2) }-

Example ITb,. We may take Example IIb; and replace p by p o o, where o is the
outer automorphism of G induced by conjugation by an element of Gq extending
the non-trivial element of Gal(F'/Q). The resulting representation has conductor
p6; = (4 — Ta) and projective splitting field o(E); the character v in the description
of p|g is the same as in Example ITb;, but the kernel of the homomorphism induced
by ¢, would be replaced by its Galois conjugate. We therefore conclude that c, is
in LO instead of Ll, so that WAH(/)‘GK) = {‘/(0)0)’(373), ‘/(070)7(1)1), ‘/(270))(272)}. The
corresponding system of Hecke eigenvalues is obtained from the one in Example 1Iby
by interchanging each a, with a,(,). (Note that a similar procedure could not have
been used to generate an example of type Ibs from Ib; since the inequality ni < ng
would not be preserved.)

Alternatively, we could obtain an example of type IIbs by replacing the represen-
tation p in Example ITby by its composite with the automorphism of GLg (k) induced
by Frob on k. The projective splitting field is then the same as in Example IIbq,
as is the description of p|g,., except that v is replaced by the unramified character
sending Frobgx to o and the homomorphism corresponding to ¢, : M* — k(v2wy)
is obtained from the preceding one by composing with Frob. Note that N and IM*
do not change, but the criteria for ¢, to be in Ly and L; in terms of Norm /5, (N*)
are interchanged. In this case the corresponding system of Hecke eigenvalues is
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obtained from the one in Example IIb; by replacing each a, with Frob(a,). Finally
of course, we could just as well have obtained an example of type IIb; by replacing
the original p with Frobo poo.

9.3. Case III. We use examples with tame signature (ag,a1) = (1,3), so no = 10
and ny = 6. Thus p|g, is a twist of a representation of the form

* .
(g 1) , with x|, =wh =l

in particular y is primitive and non-generic.

In both our examples x will in fact have the form w, : Gal(M/K) — k> where
7t is a uniformizer of K, M = K(m) and w, is the associated fundamental character.
The class ¢, will be non-trivial, so that W*H(p|¢,.) is determined by whether ¢,
lies in the space Ly described in (15) or (16). Note also that since ag = p — 2, we
know in fact in this case that WAH(p|g,.) = W(p|g, ) by the remark at the end of
Section 8.

For both examples, there are in fact two representations with the given description;
choosing either to be p, the other is  ® p where § the non-trivial character of
Gal(F((;)/F).

Example IIla. Let F denote the splitting field over Q of the polynomial
fiia(z) = 2'° — 527 + 1352° — 3602° + 4052* — 2702% + 1352 — 452 + 9.

We then have F' = Q(+/5) C E and an isomorphism Gal(E/F) = PSLy(k) lifting to
a representation p : G — GLy(k) of conductor p3, where ps = (v/5).
Up to an unramified quadratic twist, p|g, has the form

w2
W @\ g

where @w® = 3w?, so we may take M = K(m) with 7 = @?. The splitting field N of
the projective local representation is that of the polynomial 2 + 9z + 6, and we
find that Gi(/4 ¢ ker(p), so that ¢, & Lo = Fil”’*H' (G, Fs(ws)) by (16). Taking
into account the twist by we, we conclude that WAH(pla, ) = {Vi1,0),1.3)}-

Example ITTb;. Let E denote the splitting field over Q of the polynomial
i, (z) = 2% — 32 4 523 — 5.

We again have F' C E and an isomorphism Gal(E/F) = PSLy(k) lifting to a
representation p : Gp — GLa(k), now of conductor (2)p3.
Up to an unramified quadratic twist, p|g, again has the form

w2
wo @y 1)

but now @® = 3, and we take M = K (m) with 7 = w?. In contrast to the preceding
example, we find that GEI’(/4 C ker(p), so that ¢, € Ly by (16). Taking into account
the twist by Wy, WE conclude that WAH(p|GK) = {‘/(170)7(173), ‘/‘(070)7(3,3), ‘/(070),(171)}.
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10. NUMERICAL MATCHING WITH AUTOMORPHIC FORMS

To facilitate computations, both here and in the sequel [9], we work with algebraic
automorphic forms on definite quaternion algebras over totally real fields. Recall that
these are related to Hilbert modular forms by the Jacquet—Langlands correspondence,
and under mild hypotheses give the set of weights of forms giving rise to p in the
sense of Conjectures 2.1 and 7.3.

More precisely, we will consider totally real fields F' in which p is inert and definite
quaternion algebras B over F' which are split at p, and we present pairs (¢, p) where:

® ¢ = (ay,dy)ves, is a system of eigenvalues for the standard Hecke operators
T, and S, (as defined in [25]) acting on mod p algebraic modular forms for
B of some level ny (where Xy is a large set of good primes);

e p:Gr — GLy(F,) is a Galois representation unramified outside pn, such
that p(Frob,) has characteristic polynomial 2% +a,x +d,N(v) for all v € X;

e the set of weights for which ¢ occurs at level n, is precisely WAH (p\GFp).

The reason for the sign ambiguity in the trace of p(Frob,) is that in practice we work
with the associated projective representation. The p we consider, particularly in
[9], are typically constructed independently from automorphic forms. The existence
of a numerically matching ¢ can be viewed as evidence for the modularity part of
Conjecture 7.3 (and hence Conjecture 2.1).

For each of the eight Galois representations p from the previous section, we exhibit
a corresponding ¢ here, taking ¥4 to be all good primes with norm at most 100.
The methods for computing ¢ are based on those described in [7] and Appendix B
of [3].

10.1. A summarizing table. Table 1 summarizes our eight examples, adding
some more information. Note that in all cases besides the conjugate cases IIb;
and ITbs, the polynomial F.(x) := f.(x) has coefficients in Q. Its Galois group is
given in the G column. In this column, an exceptional isomorphism identifies the
group PSL5(9) with the alternating group Ag. The group PT'L2(9) = Aut(PSL2(9))
contains PSLo(9) & Ag with index four and the three intermediate groups are My,
PGL2(9), and Sg. The entry shared by the IIb; and IIbs rows is the Galois group
of the product Fip(x) := fim, (%) fib, () € Z[z]. The D column gives the field
discriminant of Q[z]/F.(x). The largest slope s is explained in the next subsection.

10.2. Slopes. For a separable polynomial f(z) € Q,[z], wild ramification in the
algebra A = Q,[z]/f(x) can be measured by slopes, as explained in [16]. These
slopes are breaks in the upper numbering of |23, IV.3|, increased by 1. When all
factors of f(z) have degree < 11, they are computed automatically by the website
of [16].

A common situation in our current setting is that f(x) € Q[z] has degree ten, and
factors over Q3 into a primitive nonic and a linear factor, giving A = B x Q3. In this
case, the primitive nonic field B has a certain largest slope s with multiplicity eight
and 0 with multiplicity one. As Qs has the trivial slope 0 as well, ords(D) = 8s.
This situation occurs in our four cases with F.(x) decic, namely Ia, Iby, Iby, and
IITa. The other cases are similiar. For example, Qs[z]/ fim, () is a sextic field with
a tame subfield of degree two. In this case, ords(D) = 6 decomposes as 4s + 1 + 0;
the 1 comes from the tame subfield and s = 5/4 is the quantity of current interest.
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Ex. F | @ D s | n N@ f | Weights (W (p))

Ta Q(v2)|PTL2(9) 2%73% 15/8| pS 64 ps [[2,1;1,2]

by Q(v2)|PI'La(9) 22835 15/8| p$ 64 pS [[2,0;1,2],[0,0;2,3]

Tbe Q(v5)|PTL2(9) 23'3'35% 13/8] (2)° 1024 (2)°|[1,2;1,2],[1,1;2, 1]

Ta Q(V5)| S:« —3%527 3/2| (7) 49 O |[0,0;3,3],[0,0;1, 1]

by Q(WA)| 4o 126412 per 61 O [[0,0:3,3],[0,0;1,1],[0,2;2,2]
by Q(+/5) A2 375610 3/2 Pé1 61 O |[0,0;3,3],[0,0;1,1],]2,0;2,2]
IMla Q(v5)| Mo 35 9/4| pi 125 O |[1,0;1,3]

IIb; Q(v5)| Ss 223652 574 [(2)p2 500 O |[1,0;1,3],[0,0;3,3],[0,0;1,1]

TABLE 1. Information on the eight examples. The weight in or-
dinary type is computed from the tame signature. As explained
in §10.2, weights in italics come from small slopes and weights in
boldface come from other sources.

The slope column illustrates that some extra weights come simply from s being
smaller than the maximum allowed by the tame signature. For example, for the
tame signature (ag,a1) = (2,2), the maximum allowed s is 5/2, while our examples
are peu ramifiée and have slope 3/2. However other extra weights are not simple
consequences of small slopes. The sequel paper [9] will illustrate a principle clear
from the theory here: as the local degree [K : Q,] increases, slopes account for a
decreasing fraction of the phenomenon of extra weights.

10.3. The class set PGLy(9)%. Table 2 summarizes how one does projective match-
ing for general p into GLo(k) where k has order 9. On the automorphic side, one
has the pairs (a,,d,) € k x k*. On the Galois side, the most immediately available
quantities are partitions A, with parts being the degrees of the irreducible factors of
fe(x) in the completed ring O,.

dy ‘ d, is a square ‘ d, is not a square

by ‘ 1 0 1 2 a? ot ‘ 0 « o’ o’ o’
PGL2(9)" | 1 2u 3 4 B5A 5B|20 8A 8B 10B 104
PCL2(9) | 1*°  2%1? 3%1 4%12 5% 52 2% 81?2 81* 10 10

Ag 16 2212 3%2or31% 42 51 51

Sy 1* 22 or 212 31 4

TABLE 2. The class set PGLy(9)? and its view from the automor-
phic and Galois sides. The outer involution ~ of PGL2(9) makes
the interchanges 5A <> 5B, 8A < 8B, and 104 < 10B, and fixes
the other five classes.

When f.(z) is chosen to be a decic in the standard way, the table explains how
the projective quantities b, = a2/d,N(v) correlate with the decic partitions \,. In
fact, let PGL2(9)f be the set of conjugacy classes in the group PGLy(9). Then the
Frobenius class Fr, € PGLy(9)% determines both b, and ),. Conversely, the pair
(by, Ay) determines Fr,. Using the FrobeniusElement command [10] in Magma,
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with adaptations to account for ground field F' rather than Q, we have gone beyond
partitions and have in all cases identified the correct label A or B, directly from the
polynomial f.(z). Table 2 also has lines corresponding to our sometimes replacing
decic polynomials by sextic and quartic polynomials.

10.4. Matching for our eight examples. Table 3 is headed by the ten smallest
split primes p for each of the two fields F' in question. For each p, it gives one
of the two v above it. The conjugate prime o(v) is obtained by the substitution
a+ —a—2in the case F' = Q(v/2) and o — 1—q in the case F' = Q(v/5). For each

F=Q(V2)
P 7 17 23 31 41 47 71 73 79 89
p mod 3 1 2 2 1 2 2 2 1 1 2
v [1+42a 24+3a4—a 3+4a 5—2a 6—a T+6a 7—2a 8—a 10+ T7a
Aoy o® o? 0 o’ « a? 2 o? 1 a?
Ia d, o o ol o? o ol o? 1 o? a
Fr,| 104 8B 2u 8B 10A 5A 5A 5B 10B 10A
Qy 1 « o? af a ol 0 o? o’ 2
Ib1  d, « o’ ol « « o? o? 2 « o’
Fr,| 10A 8A 5A 8B 10B 3 2u 3 10B 10B
F=Q(V5)
P 11 19 29 31 41 59 61 71 79 89
p mod 3 2 1 2 1 2 2 1 2 1 2
v |2—-3a1l—4a 5+a 3—5a 6+a 2—Ta 4—Ta 8+a 5—8a 10—«
Ay o? a’ « o’ o 2 « « a’ a?
Ibs  d, o? o? 2 [} a® o® o? 2 o a’
Fr,| 10B 5A 5A 10B 8A 8A 10A 5A 10B 8A
I Qv 0 0 2 2 2 2 1 1 2 0
2 Fr,| 20 20 4 3 4 4 3 4 3 2u
b Ay a’ 0 b a® o o’ 0 2 o? 1
Y Fr,| 54 2u 3 5A 5B 5A 2u 4 5B 4
M, ol ol o o? a’ «@ o’ ol ol
® Fr,| 3 4 5A 4 5A 5B 5B 4 3
a. Ay 0 +a +2 o’ a® +ab o? o’ 0 +a”
Fr,| 2u 5A 4 5A 5B 3 4 5B 2u 5A
Ib Ay 2 +a® +a” o’ o’ +ab b o +a? +1
' Fr,| 4 54 5A 5B 5B 3 4 5B 5B 4

TABLE 3. Matching in our eight examples for ten v

example, we list the classes Fr, € PGLy(9)f associated to p and the eigenvalues a,
and d, of a numerically matching eigenform ¢. We omit the lines for d,, when they
are identically 1. Recall that in Examples IIla and IIIb; there are two choices for p
differing by twist by the quadratic character ¢ : Gal(Q({5)/F) — {£1}; accordingly
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we list the two matching eigenforms, each obtained from the other by replacing a,
with §(v)a, where §(v) = §(Fr,) = (W)

For each v listed in the table, the eigenvalues a,(,) and dy(,) can be recovered
as follows: In all the examples, one has d,(,) = d3, and in all but IIb;, ITby and

IIby, one has aq(,) = a3. In examples IIb; and IIby, with eigenvalues a/, and a’/
respectively, one has a/, () = a}); finally in ITIby, one has a,(,) = 6(v)ay. Similarly, in

all the examples but IIb; and ITbg, one has Fry(,) = Fr,. In examples IIb; and ITby,
with Frobenius classes Fr/ and Fr! respectively, one has Fr;(v) = Fr”. Thus, for
example, the first split prime v = (14 2a) for Q(v/2) has conjugate o(v) = (3 + 20),
and in example Ia, one has a,(,) = @, dy () = @ and Fr,(,) = 10B.

The agreement exhibited on Table 3 extends also to those v with N(v) < 100
which do not have a place on the table.

Acknowledgements. We are grateful to Laurent Berger for the suggestion of
considering the Artin—Hasse exponential in the context of a related question, and to
David Savitt and Michael Schein for discussions that confirmed the compatibility of
Conjecture 7.2 with the results of [15]. We thank Victor Abrashkin for calling our
attention to the paper [1], and Toby Gee for informing us of work on Conjecture 7.2
leading to its proof in [5]. We would also like to thank the referee for numerous
suggestions that improved the exposition of this paper.

This research was partially supported by EPSRC Grant EP/J002658/1 (LD),
Leverhulme Trust RPG-2012-530, EPSRC Grant EP/1.025302/1 and the Heilbronn
Institute for Mathematical Research (FD), and Simons Foundation Collaboration
Grant #209472 (DPR).

REFERENCES

1. Victor Abrashkin, Modular representations of the Galois group of a local field and a gener-
alization of a conjecture of Shafarevich, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6,
1135-1182, 1337. MR 1039960

2. Avner Ash and Warren Sinnott, An analogue of Serre’s conjecture for Galois representations
and Hecke eigenclasses in the mod p cohomology of GL(n, Z), Duke Math. J. 105 (2000), no. 1,
1-24. MR 1788040

3. Christophe Breuil, Sur un probléme de compatibilité local-global modulo p pour GL2, J. Reine
Angew. Math. 692 (2014), 1-76. MR 3274546

4. Kevin Buzzard, Fred Diamond, and Frazer Jarvis, On Serre’s conjecture for mod £ Galois
representations over totally real fields, Duke Math. J. 155 (2010), no. 1, 105-161. MR 2730374

5. Frank Calegari, Matthew Emerton, Toby Gee, and Lambros Mavrides, Explicit Serre weights
for two-dimensional Galois representations, preprint, arxiv:1608.06059.

6. Seunghwan Chang and Fred Diamond, Eztensions of rank one (¢$,I')-modules and crystalline
representations, Compos. Math. 147 (2011), no. 2, 375-427. MR, 2776609

7. Lassina Dembélé, Explicit computations of Hilbert modular forms on Q(v/5), Experiment.
Math. 14 (2005), no. 4, 457-466. MR 2193808

, Quaternionic Manin symbols, Brandt matrices, and Hilbert modular forms, Math.

Comp. 76 (2007), no. 258, 1039-1057. MR 2291849
9. Lassina Dembélé, Fred Diamond, and David P. Roberts, On the computation and combinatorics
of Serre weights for two-dimensional Galois representations, in preparation.
10. Tim Dokchitser and Vladimir Dokchitser, Identifying Frobenius elements in Galois groups,
Algebra Number Theory 7 (2013), no. 6, 1325-1352. MR 3107565

11. Jean-Marc Fontaine, Il n’y a pas de variété abélienne sur Z, Invent. Math. 81 (1985), no. 3,
515-538. MR 807070

12. Toby Gee, Automorphic lifts of prescribed types, Math. Ann. 350 (2011), no. 1, 107-144.
MR 2785764




38

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

LASSINA DEMBELE, FRED DIAMOND, AND DAVID P. ROBERTS

Toby Gee, Florian Herzig, and David Savitt, General Serre weight conjectures, preprint,
arxiv:1509.02527.

Toby Gee and Mark Kisin, The Breuil-Mézard conjecture for potentially Barsotti- Tate repre-
sentations, Forum Math. Pi 2 (2014), el, 56. MR 3292675

Toby Gee, Tong Liu, and David Savitt, The Buzzard-Diamond-Jarvis conjecture for unitary
groups, J. Amer. Math. Soc. 27 (2014), no. 2, 389-435. MR 3164985

John W. Jones and David P. Roberts, A database of number fields, LMS J. Comput. Math. 17
(2014), no. 1, 595-618. MR 3356048

Chandrashekhar Khare and Jean-Pierre Wintenberger, Serre’s modularity conjecture. I, Invent.
Math. 178 (2009), no. 3, 485-504. MR 2551763

, Serre’s modularity conjecture. II, Invent. Math. 178 (2009), no. 3, 505-586.
MR 2551764

Lambros Mavrides, On wild ramification in reductions of two-dimensional crystalline Galois
representations, Ph.D. thesis, King’s College London, 2016.

James Newton, Serre weights and Shimura curves, Proc. Lond. Math. Soc. (3) 108 (2014),
no. 6, 1471-1500. MR 3218316

Alain M. Robert, A course in p-adic analysis, Graduate Texts in Mathematics, vol. 198,
Springer-Verlag, New York, 2000. MR 1760253

Michael M. Schein, Weights in Serre’s conjecture for Hilbert modular forms: the ramified case,
Israel J. Math. 166 (2008), 369-391. MR 2430440

Jean-Pierre Serre, Local fields, Graduate Texts in Mathematics, vol. 67, Springer-Verlag, New
York-Berlin, 1979, Translated from the French by Marvin Jay Greenberg. MR 554237

, Sur les représentations modulaires de degré 2 de Gal(Q/Q), Duke Math. J. 54 (1987),
no. 1, 179-230. MR 885783

Richard Taylor, On Galois representations associated to Hilbert modular forms, Invent. Math.
98 (1989), no. 2, 265-280. MR 1016264

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, CovENTRY CV4 7TAL, UK
E-mail address: lassina.dembele@gmail.com

DEPARTMENT OF MATHEMATICS, KING’S CoLLEGE LoNpoN, LoNnpoN WC2R 2LS, UK
E-mail address: fred.diamond@kcl.ac.uk

Di1visioN oF SCIENCE AND MATHEMATICS, UNIVERSITY OF MINNESOTA MoORRIS, MoORRIS, MN

56267 USA

E-mail address: roberts@morris.umn.edu



	Serre Weights and Wild Ramification in Two-Dimensional Galois Representations
	Recommended Citation

	tmp.1540837383.pdf.YpG69

